LOCAL CONTACT HOMOLOGY AND APPLICATIONS 



UMBERTO L. HRYNIEWICZ AND LEONARDO MACARINI 

Abstract. We introduce a local version of contact homology for an isolated periodic orbit 
7 of the Reeb flow and prove that its rank is uniformly bounded for isolated iterations. 
Several applications are obtained, including a generalization of GromoU-Meyer's theorem on 
the existence of infinitely many simple periodic orbits, resonance relations and conditions for 
the existence of non-hyperbolic periodic orbits. 



1. Introduction 

Since the seminal works of Floer [11, 12, 13] several Morse theoretic methods have been 
developed in order to understand periodic orbits in Hamiltonian dynamics. In particular, 
contact homology was introduced in [' :] in the bigger framework of symplectic field theory. Its 
chain complex is generated by good periodic orbits of the Reeb flow graded by the reduced 
Conley-Zehnder index and the differential counts rigid pseudo-holomorphic curves in the 
symplectization asymptotic to closed orbits.^ Recall that a periodic orbit is good if it is not 
an even multiple of a simple periodic orbit whose linearized first return map has an odd 
number of real eigenvalues less than minus one. Otherwise, it is called bad. 

There are different versions of contact homology, see [ - ] for a survey. We will consider here 
both cylindrical contact homology and linearized contact homology. The first one is defined 
and an invariant of the contact structure for nice contact forms, that is, contact forms with no 
periodic orbits of degree one, zero or minus one. The latter one, in turn, does not impose any 
condition on the closed orbits, but requires an augmentation for a certain differential graded 
algebra, and depends on the homotopy class of the augmentation. Nice contact forms admit a 
trivial augmentation and the linearized contact homology with respect to this augmentation 
is isomorphic to cylindrical contact homology [ ]. Hence cylindrical contact homology will 
be regarded here as a particular case of linearized contact homology. If the contact manifold 
admits a strong filling {X, oj) then it induces an augmentation over the rationals under the 
hypothesis that uj\^^f^x) = and ci{TX,uj) = 0. 

The purpose of this work is to introduce a local version of contact homology and provide 
some applications. For well known transversality reasons, our results are conditional on the 
completion of foundational work by Hofer, Wysocki and Zehnder, see [22, 2.3, 24]. 

1.1. Main result. Let us fix from now on a closed contact co-oriented manifold (A^^"^^,^). 
Throughout this work we will always assume that the first Chern class of the contact structure 
vanishes and consider only augmentations over the rationals. Let a be a contact form for 
and 7 an isolated periodic orbit of the Reeb flow of a. This means that there is no sequence 
of periodic orbits converging to 7 besides the obvious one. 

Date: February 15, 2012. 

^One should be aware that for homotopically non-trivial periodic orbits the grading is not unambiguously 
defined and requires fixing an extra structure on (N,^), see Section 2.1.2. Throughout this work we fix such 
structure. 
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One associate to 7 its local contact homology HC^:{a, 7) by making a small non-degenerate 
perturbation of a and counting rigid holomorphic cylinders that are contained in the sym- 
plectization of an isolating neighborhood of 7 and are asymptotic to good periodic orbits 
homotopic to 7 in K, see Sections 3 and 4 for details and properties of local contact homology. 
An interesting feature of local contact homology is that although we relate it to linearized 
contact homology via Morse inequalities (Proposition 7.4) it does not depend on the augmen- 
tation at all. This is due to the fact that there are no holomorphic planes with finite energy 
in the symplectization of K. Therefore, one cannot have holomorphic curves with more than 
one negative puncture. 

The main result in this work establishes a uniform bound for the rank of local contact 
homology of iterations of a periodic orbit. 

Theorem 1.1. Let j be a periodic orbit of the Reeb flow such that 7-^ is isolated for every 
j G N. Then there exists a constant B > satisfying dim //C* (a, 7-') < B for every j G N. 

The proof is given in Section 6.6 and is based on two main building blocks. The first one 
is Proposition 6.1 establishing that the rank of the local contact homology of an isolated 
periodic orbit is less or equal than the rank of the local Floer homology of its return map. 
The second one is the main result in [16] that implies the existence of a uniform bound for 
the rank of local Floer homology of admissible iterations of an isolated periodic point of a 
Hamiltonian diffeomorphism. 

1.2. Applications. Augmentations are defined for the differential graded algebra associ- 
ated to a contact form, but we can define homotopy classes of augmentations for the con- 
tact structure as the following discussion shows. We refer to [2] for details. Given two 
non-degenerate contact forms oq and ai for ^ and regular almost complex structures Jq 
and Ji, a regular cobordism between the pairs (oq, Jo) and (ai, Ji) induces a chain map 
"if : {A{ao),do) — )• {A{ai),di) between the corresponding differential graded algebras. An 
augmentation e for {A{ai),di) induces an augmentation for {A{ao),do) and ^ induces 
an isomorphism ^'^ : HC^'^*'^\ao, Jq) — )■ i/CW(ai, Ji). It turns out that the homotopy class 
of ^'*e does not depend on the choice of the cobordism (see [8, Theorem 3.2]) and hence we 
have a natural identification of homotopy classes of augmentations for non-degenerate contact 
forms for ^. In this way, one can define the set of homotopy classes of augmentations for ^ 
as the set of equivalence classes under this identification. The collection of the corresponding 
linearized contact homologies is an invariant of the contact structure, see [2, Theorem 2.8]. 
We will abuse a bit the notation and denote such equivalence classes by [e] and its corre- 
sponding linearized contact homology by HCi^\£^). Let bl^\^) be the rank of HC]^\^) (that 
may be infinite). 

We say that ^ is homologically unbounded if there is a homotopy class of augmentations [e] 

for ^ such that there is a sequence of integers \li\ — )• 00 satisfying limj_>oo ^f^iO = c«. The fol- 
lowing theorem follows easily from Theorem 1.1 and the Morse inequalities in Proposition 7.4. 
Its proof is given in Section 8.1. 

Theorem 1.2. Suppose that ^ is homologically unbounded. Then the Reeb flow of every 
contact form a for has infinitely many geometrically distinct periodic orbits. 

Examples of homologically unbounded contact structures can be obtained by cosphere 
bundles. More precisely, given a closed oriented manifold M of dimension n, it is proved in 
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[7] that 

(1.1) Hd:i\^_^^{S*M,^o) ^ H4AM/S\M;Q), 

where is the standard contact structure of the unit cotangent bundle S*M, eo is given by 
the obvious filling of S*M, AM is the free loop space on M and M C AM indicates the 
subset of constant loops [2, Theorem 4.4].^ A result due to Vigue-Poirrier and Sullivan [.31] 
establishes that if M is simply connected then the rank of H^{AM/ , M;Q) is unbounded 
if and only if the homological algebra of M is not generated by a single class. Consequently, 
we have the following generalization of a celebrated result due to GromoU and Meyer [18]. It 
is also proved in [28] for general coefficient fields using symplectic homology. 

Corollary 1.3. Let M be a closed oriented manifold such that the rank of H^{AM/ , M;Q) 
is unbounded. Then every fiberwise starshaped hypersurface in T*M has infinitely many 
geometrically distinct periodic orbits. In particular, the result holds if M is simply connected 
and its homological algebra over Q is not generated by a single class. 

Another source of examples is given by connected sums. Given two contact manifolds 
(-^ii Ci) and (A^2) ^2) it is well known that its connected sum NiffN2 carries a contact structure 
^i#C2, see [14]. Moreover, homotopy classes of augmentations [ei] and [£2] for and ^2 
respectively induce a homotopy class of augmentations [ei#e2] for .^i#^2- A result due to 
Bourgeois and van Koert [2, 6] gives the long exact sequence 

• • • ^ //C*-i(S2"-3,^o) ^ HCt*"'\Ni#N2,im2) 

^ Hd:'\Ni,ii) e Hd:'\N2,^2) ^ FC2(s2""',co) ^ • • • 

where i?C=i,(5'^'^~^, ^0) is the cylindrical contact homology of the standard contact structure 
on S'^^''~^. Since the rank of i?C*(S''^"'~^, ^0) is at most one, we conclude that the connected 
sum of any contact manifold (admitting an augmentation) with a homologically unbounded 
contact manifold is homologically unbounded. 

Now, fix a non-degenerate contact form a for ^ with an augmentation e. There is a 
natural filtration in contact homology given by the action. Given a G M denote the truncated 
homology by HC^''^(a). Notice that it in general depends on the contact form and the 
augmentation. Following [ "(l, 27], we define the growth rate of HCl{a) as 

T\a) = limsup-^logdimi(i/C,"''(a)), 

a->oo log a 

where l : HC'i''^{a) — )• HC^^\(^) is the map induced by the inclusion. The argument in [-30, 
Section 4a] shows that the set {r^(a); e is an augmentation for a} is an invariant of the 
contact structure. Since our context is different from the one in [■)•■] (in particular, we have 
to deal with augmentations) we will give a proof of this fact in Section 8.2. The following 
theorem will be proved in Section 8.3. 

Theorem 1.4. If there exists a non- degenerate contact form a for with an augmentation e 
such that T^{a) > 1 then every contact form a representing ^ has infinitely many geometrically 
distinct periodic orbits. 

^The trivializations of the contact structure over periodic orbits used in [ , ] send the vertical distribution 
in the cotangent bundle to a fixed Lagrangian subspace in R^"~^. This fixes the grading in the isomorphism 
(1.1). 
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There are several examples of contact manifolds satisfying the previous hypothesis, see [25]. 
Our next application is a generalization of a result due to Ginzburg and Kerman [17] on 

resonance relations. Assume that there exist integers /_ and 1+ such that i?c|^'(^) has finite 
rank for every I < /_ and I >lj^. Under this assumption the positive/negative mean Euler 
characteristic is defined as 



^ m 

X^i{i)= lim - 



i=\i±\ 

provided that the limits exist. Notice that by Theorem 1.2 if ^ admits a contact form with 
finitely many prime periodic orbits then this hypothesis is fulfilled and the limits above always 
exist. 

Given an isolated periodic orbit 7, its positive/negative local Euler characteristic is defined 

as 

X±(«,7)= 5](-irdimTO(Q,7). 

±j>0 

The sum above is finite. Now, assume that 7-' is isolated for every j G N. The posi- 
tive/negative local mean Euler characteristic of 7 is defined as 



^ m 

X±(a,7)= lim — y]x±(a,7^)- 



By Theorem 1.1 these limits exist. 



Theorem 1.5. Let a be a contact form for ^ with finitely many simple closed orbits. Given 
any homotopy class of augmentations [e] for ^, the positive/negative mean Euler characteristic 
satisfies 

X±^^)- 2^ A(7) ' 

±A(7)>0 ^'^ 

where A{'j) is the mean index of 'j and the sum runs over the set of simple periodic orbits 7 
such that ±A(7) > 0. 

Notice that in the previous theorem we do not assume a to be non-degenerate. When a 
is non-degenerate, the local mean Euler characteristic of a periodic orbit is easily computed 
and we obtain 

Corollary 1.6 (Theorem 1.7 and Remark 1.10 in [1 1]). If a is non- degenerate and has finitely 
many simple periodic orbits then 

^^^^> 2 A(7) + ^ A(7) ' 

where B^{a) (resp. G^{a)) is the set of simple periodic orbits with positive/negative mean 
index whose even iterates are bad (resp. good). 

An application of the previous theorem is the following result. Recall that a periodic orbit 
is hyperbolic if its linearized first return map has no eigenvalue in the circle. 
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Theorem 1.7. Suppose that there is a homotopy class of augmentations [e] for ^ such that 
HC^}_.^{^) has finite rank and that there exists a positive integer C such that 

mC 

(-1)" < (-l)"mC7xS(e) 

for every m G N. If a contact form a for ^ has finitely many geometrically distinct closed 
orbits then there is a non-hyperbolic one. 

Examples satisfying these hypotheses can be obtained using Yau's computation of the 
contact homology of subcritical Stein tillable contact manifolds [31]. More precisely, it is 
proved in [ ] that given a subcritical Stein domanin (V^"',J) such that dV = N then the 
cylindrical contact homology is given by 

where ^ is the maximal complex subbundle of TN . One can check from this that if n is even 
and V has trivial homology in every odd degree then satisfies the hypotheses of Theorem 1.7 
for the positive Euler characteristic. In particular, we get with its standard contact 

structure and n even, recovering a result obtained by Viterbo in [.32]. 
As a byproduct of the proof of Theorem 1.7 we obtain 

Theorem 1.8. Suppose that there is a homotopy class of augmentations [e] for ^ such that 

< d\TnHd^l^{i) < oo. 

// a contact form a for ^ has finitely many geometrically distinct closed orbits then there is a 
non-hyperbolic one. 

A homology computation in [i] shows that there is a family of inequivalent contact struc- 
tures on S"^ X meeting this assumption. The isomorphism (1.1) implies that the unit cotan- 
gent bundle of a closed oriented manifold with non-trivial fundamental group and compact 
universal covering also satisfies this condition. By the aforementioned long exact sequence, 
the connected sum of one of these manifolds with any contact manifold (A^, ^) such that 
dim HCj^^_^{^) < oo has a contact structure satisfying this assumption as well. 

Organization of the paper. Section 2 furnishes the basic material on pseudo-holomorphic 
curves necessary for this work. In Section 3 we define isolating neighborhoods of isolated 
closed Reeb orbits. This notion is crucial in the construction of local contact homology 
accomplished in Section 4. The computation of local contact homology is focused in Sections 
5 and 6 where we deal with prime and iterated periodic orbits respectively. Morse inequalities 
are achieved in Section 7. They are a cornerstone in the proof of our applications presented 
in Section 8. Finally, Appendix A provides technical details about holomorphic curves in 
symplectizations of stable Hamiltonian structures. 

Note. After we started to write the present paper, we were aware that Mark McLean obtained 
similar results using symplectic homology [ ]. The results can be related to ours using the 
Bourgeois-Oancea long exact sequence [ ]. However, although our techniques lead to similar 
results, we think they are complementary to McLean's since they furnish a equivariant version 
of the local homology of closed Reeb orbits. 

Acknowledgments. We are grateful to Alberto Abbondandolo, Urs Frauenfelder, Viktor 
Ginzburg, Nancy Kingston, Alexandra Oancea, Gabriel Paternain and Otto van Koert for 
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2. Preliminaries for Local Contact Homology 

2.1. Stable Hamiltonian structures. We start by recalling the concept of a stable Hamil- 
tonian structure from [3]. 

Definition 2.1. A stable Hamiltonian structure on a (2n — l)-manifold N is a triple % = 
(^, X, w) where ^ C TN is a hyperplane distribution, X is a vector field everywhere transverse 
to ^ and its flow preserves ^, u is a closed 2-form such that oj\(^ turns ^ into a symplectic 
vector bundle and ixto = 0. 

We refer to X as the Hamiltonian vector field of H. 

Remark 2.2. Given such % one can define a 1-form X on N by 

(2.1) ^xA = l, kerA = ^. 

It easy to check that A A is a volume form and kerdA 5 kercj = MX. In particular 
CxX = and Cx'^ = 0. The stable Hamiltonian structure could be alternatively defined as 
the pair (A, w) and, in this case, X and would be uniquely determined by ixX = 1, ix^o = 
and ^ = ker A. 

Any contact form q on induces a stable Hamiltonian structure {S^, R,Cda), where R is 
the associated Reeb vector field, ^ = ker a is the contact structure and C > 0. 

Throughout Section 2 we fix a compact (2n — l)-manifold N equipped with a stable Hamil- 
tonian structure H = {^,X,u)), and assume that ci{^,lli) vanishes. 

2.1.1. Periodic orbits. If x : M — t- is a periodic trajectory of X with period T > then 
XT : 5'"'^ ~ M/Z — 7- A, t I— )• x{Tt), defines an element of C°°(5^,A^). A periodic orbit 7 of 
X is the element of C°°(5^, A^)/S'^ induced by some xt as above. We write 7 = (x,r) and 
7^^ = (x, kT) for any k € The set x(M) C A^ is called the geometric image of 7. If T is 
the minimal positive period of x then we call 7 simply covered. The set of periodic orbits 
of X will be denoted by V{T-L). When % is induced by some contact form a we may write 
V{a), or simply V when the context is clear. For any given K C N we denote by V(T-L,K), 
or Via, K), the subset of orbits with geometric image contained in K. 
The flow {0t}iGK of A induces a Li;-symplectic linear flow on ^ 

(2.2) dcPt-.^^ e 

If 7 = (x, T) G V and 1 is not in the spectrum of dc^r : (,x{o) ~^ ^x{o)=x(T) then 7 is called 
non-degenerate. When every 7 G V(H.) (or 7 G T'{H.,K)) is non-degenerate we call H 
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non-degenerate (on K). The notation 7 = {x,T) is ambiguous since the choice of x is not 
determined: we choose a special point pt^ in the geometric image of every closed orbit 7 of 
{</>t} and assume x(0) = pt^. Orbits with the same geometric image share the same special 
point. 

2.1.2. Conley-Zehnder indices. Assume for simplicity that Hi{N, Z) is torsion free, and choose 
a set of generators {Ci}, i = 1,...,/. We assume the Cj are represented by 1-dimensional 
submanifolds, still denoted Ci, and we choose w-symplectic trivializations of ^|c. . These 
choices will be fixed for the rest of this work. 

Any 7 = (x,T) G V(%) can be seen as a singular 1-chain, which induces a homology class 
[7] G Hi{N,Z). There are unique rii £ Z satisfying [7] = Y^^riiCi. A 2-chain realizing a 
homology between 7 and Yli ^iCi can be used to single out a homotopy class of w-symplectic 
trivializations of (x^)*^. A trivialization in this class represents the linearized dynamics of X 
as a path in the group Sp{2n — 2) starting at the identity. If 7 is non-degenerate, this path 
ends in the complement of the Maslov cycle, and has a well-defined Conley-Zehnder index as 
defined in [29], denoted ^cz{l) S Z. This is independent of the choice of the 2-chain since we 
assume ci(^) vanishes. 

It is convenient to consider the degree of 7 defined by 

(2.3) I7I := /icz(7) + - 3. 

2.1.3. Good orbits. Let 7 = {x,T) G V(T-L) be simply covered. According to [ ], if the number 
of eigenvalues of dcpT ■ (,x{o) ~^ ^x{T)=x{0) (~1)0) is odd (counted with multiplicities) then 
the even multiples 7^'' are called bad orbits. An orbit is called good if it is not bad, and we 
define 

(2.4) Vo{n) := {7 G V{n) : 7 is good} 

and Vo{K,'H) = T'{K,'H) n Vo{'H). In the case Ti is induced by a contact form a we write 
'Po(o) and 7^o(-f^) ") accordingly. 

2.2. Pseudo-holomorphic curves. We take a moment to review the basic definitions from 
pseudo-holomorphic curve theory. 

2.2.1. Cylindrical almost complex structures. Let V he a compact (2?7- — l)-manifold. In M x y 
there is a natural M-action induced by the maps 

(2.5) Tc : (a,p) H> (a + c,p), c G M. 

In the language of [ ], an almost complex structure J on Mxl/ is cylindrical if t* J = J, Vc G M, 
and if the vector field R := Jda is horizontal, i.e. it is tangent to {a} x V , \/a £ M. Since 
J is M-invariant, the formula H := TV D J(TV) defines a (2n — 2)-dimensional J-invariant 
distribution in V, and R seen as vector field in V is everywhere transverse to H. Note also 
that J is a complex structure on H. J is called symmetric if the 1-form A on y defined by 
ijiX = 1 and H = ker A satisfies CrX = indX = 0. Let be a closed 2-form on V of maximal 
rank, that is, dim ker = 1. Then a cylindrical J as above is said to be adjusted to if 
the restriction 1^1= turns H into a symplectic bundle, J|h is rj|=-compatible, that is 17(-, J-) 
defines a (fiberwise) metric on H, and i^Vl = 0. Note that if J is cylindrical, symmetric and 
adjusted to VL as above then H = (S, R, is a stable Hamiltonian structure. 

Conversely, a stable Hamiltonian structure % = (S, i?, Vt) induces symmetric cylindrical 
almost complex structures on M x adjusted to fi. In fact, choose some 0-compatible 
complex structure J on H. Then we have a unique M-invariant almost complex structure J 
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on M X iV defined by requiring J da = R and J|h = J, which is the desired almost complex 
structure. The set of such J will be denoted by J{T-L). When H is induced by a contact form 
a we may write J {a) instead oi J{'H). 

2.2.2. Almost complex structures in non- cylindrical cohordisms. Consider stable Hamiltonian 
structures T-L^ on A*", and S J{'H^). For a given L > we denote by Jl{J~ , J~^) the 
space of almost complex structures J on M x such that J|[l,4-oo) = and J\[^oo,-L] = J~ ■ 
We set J{J~,J+) = Ul>oJl{J',J~^)- When Ti^, J± G J{n^) and L > are fixed we 
may consider smooth 1-parameter families {J^}re[o,i] Jl{J~ ■, J^)- We denote the spaces 
of such families by Jt,l{J~ ^ J~^) and Jt{J~ , J^) = ^l>oJt,l{J~ ■, J^)- 

We need to consider almost complex structures in splitting cobordisms. Fix 7i, J £ J{T~i) 
and numbers < L < R. We denote by Jl<r{J) the set of almost complex structures which 
coincide with J on (M\ [—L — R, L+R\) x A^, and are cylindrical on the neck [L — R, R — L] x A^. 
Clearly Jl<r{J) C J'l+r{J, J)- Also, we consider the set Jt,l<r{J) of smooth families 
{Jt}fg[o,i] C Jl<r{J)- Note that we do not assume elements in Jl<r{J) to be symmetric on 
the neck [L- R,R- L] x N. 

2.2.3. Finite-energy curves. Let {S,j) be a closed Riemann surface and Z C be a finite 
set. Fix J € J{7i). A smooth map F = {a, f) : S\Z^M.xNis J-holomorphic (or 
pseudo-holomorphic) if it satisfies the Cauchy-Riemann equation 

dj{F) = ^{dF + J-dF-j) = 0. 

Consider the set A = {0 : M — )• [0, 1] | > 0}. We can view an element of A as a real function 
ouMx N that depends only on the first coordinate. Similarly we can view the form A in (2.1) 
as a 1-form on M x A'^. Following [''], one defines the cj-energy of F as 



(2.6) E^{F)= / ru 

JS\Z 

and the energy of F as 

(2.7) E{F) = E^{F) + sup [ F*{dcj)AX). 

0eA Js\z 

All these integrals have non-negative integrands. If < E[F) < oo then F is said to be a 
finite-energy pseudo-holomorphic curve. The elements of Z are called punctures of F, and a 
puncture z G Z is called removable when F is bounded near z. In this case, an application of 
Gromov's Removable Singularity Theorem shows that F can be smoothly continued across z. 

Let_n^ = {C^,X^,uj^) be stable Hamiltonian structures on A^, fix £ J{n^), L > 
and J G Jl{J~ , J^). Assume also there exists a symplectic form Q on \—L,L\ x N that 
agrees with on T({ibL} x N), up to positive constants, and tames J. Consider a smooth 
map F: S\Z^M.xN which is J-holomorphic. Following [3] we define 



(2. 



E{F) = F*n + sup F* {d(p AX+ +UJ+) 

Jf-'^{[-L,L]xN) (/-eA JF-i([L,+oo)xAr) 

+ sup F*{d(l) AX' +uj~) 

0eA J F-^({-oo-L]xN) 

where are the 1-forms associated to TF^ as in (2.1). All integrands above are non-negative. 
Moreover F is constant if, and only if, E{F) = 0. F \s called a finite-energy curve when 
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< E{F) < oo. Again the points of Z are called punctures, and a puncture is removable if, 
and only if, F is bounded around it. 

Finally, we need to define finite-energy J-holomorphic curves for J G •Jl<r{J)i where 
< L < i2, ^ = (^, X, a;) and J G J(T~i) are fixed. The correct taming conditions are as 
follows. We assume J is adjusted to some 2-form a) S il^(A^) of maximal rank on the neck^ 
[L — R — L] X N ^ as discussed in 2.2.1, and assume also that J is tamed by symplectic 
forms 0^ on (±[i? + L, — L]) x N satisfying the following conditions: 

• Q'^ coincides with uj on T({i? + L} x N) and with cD on T{{R — L} x N) up to positive 
constants, 

• il^ coincides with a; on T[{—R — L} x A^) and with oj on T{{—R + L} x N) up to 
positive constants. 

Any J G Jl<r{J) induces a 1-form A on A^ by i^A = 1, ^ = kerA, where ^ is the 
maximal complex subbundle of TN induced by the cylindrical piece J\[L-Rfi-L]xN and 
R = J\[L-R,R-L]xN ■ dt (here t is the M-coordinate). Note that {S,,R,ui) is not a stable 
Hamiltonian structure since J does not need to be symmetric on the neck [L — R, R — L] x N. 
The energy E{F) of the J-holomorphic map F = (a, /) : \ Z — )• M x A^ is 

E{F) = sup / F*{d(j)A\ + uj) 

4>eA J F-'^{[L+R,+oo)xN) 

+ sup / F* {d4> A X + co) 

4>eAJ F-'^{{-oo-L-R]xN) 

(2.9) +sup / F*(#AA + a)) 

^eAJ F-^{[L-R,R~L]xN) 

+ I F*n- 

J F-^{[-R~L,L-R]xN) 

+ [ F*n-^. 

Jf-'^{[R-L,R+L]xN) 

The behavior near the punctures is exactly as in the other cases. 

2.2.4. Asymptotic behavior. Let F : {S \ Z,j) — )• M x A^ be a finite-energy J-holomorphic 
curve, where J G J{'H). The behavior of F near a non-removable puncture z G Z is studied 
in [21], see also the Appendix of [ ]. Let tp : (i?i(0),0) — )■ {V,z) be a holomorphic chart of 
(5, j) and write F{s,t) = {a{s , t) , f (s , t)) = F o i;{e-'^^('+'^^) for {s,t) G M+ x R/Z. 

Proposition 2.3. When X is non- degenerate one finds 7 = (x, T) G V{'H), e = ±1, c, d G M 
suc/i that the loops t 1— )■ f{s,t) converge to t ^ x{eTt + c) in C°°(5^, A^), and aZZ partial 
derivatives of a{s, t) — eTs — d tend to uniformly in t as s ^ +00. 

A non-removable puncture z is positive if e = +1, and negative if e = — 1. In any case one 
says that F is asymptotic to 7 at 2; , and 7 is the asymptotic limit of -F at z. These definitions 
are independent of the choice of V'- 

Under the assumption that the Hamiltonian vector fields are non-degenerate, the asymp- 
totic behavior of finite-energy curves in non-cylindrical cobordisms is analogous and we will 
not describe it here. The reader can easily guess the precise statements in this case. 



'Note here that J is cylindrical on the neck. 
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3. Isolating neighborhoods of isolated orbits 

In this section we discuss the necessary geometric set-up for defining local contact homology 
of an isolated orbit. Let % = {^,X,oj) be a stable Hamiltonian structure on the (2n — 1)- 
manifold A^, and x : M — )• be a T-periodic trajectory of the vector field X, T > 0. Assume 
7 = (x,T) is isolated, that is, 1 1— )• x{Tt) defines an isolated point in C°°{S^ ,N) / . 

Definition 3.1. An isolating neighborhood for ^ is a compact connected neighborhood K of 
xo(M) with smooth boundary satisfying: 

• 'J is the only closed X -orbit in K in the free homotopy class of 'j (of loops in K), 

• H'^{K,M) = Q, H^{K,R) = R and there is a non-vanishing class [9] G H^{K,M.} 
represented by a closed 1-form 9 satisfying m.iKix9 > 0. 

There are no closed X-orbits inside K as above, which are contractible in K. 

Lemma 3.2. Every isolated 7 has an isolating neighborhood. 

Proof. Let Tq be the minimal positive period of x. Take a neighborhood ~ x S of 
x(M), where B C M^""^ is an open ball around the origin, equipped with coordinates {t.,z), 
such that x{t) ~ (t/To,0) and i^i^t) x M2n-2^ -p^^^g Ajgixo = T^dt. After shrinking 
B we get X rtl {t} x B Vt, so dt is a closed 1-form generating {K, R) ~ R such that 
ixdt > 0. Suppose 7^ = {xk,Tk) 7^ 7 are closed X-orbits homotopic to 7 in K such that 
limsupj;._i.oQ supjgjR |7riR2n-2 ° Xk{t)\ = 0, where ■K^2n~2 denotes projection onto the second 
coordinate. We can assume Xfc(O) G {0} x B, so that — )• x in C^^. If — )• cxd then 
dt = j^^ dt — )• +00, an absurd. Thus we get a bound for the periods = j^^ A so that 
7fc — )• 7, contradicting the hypothesis that 7 is isolated. This contradiction shows that, 
possibly after further shrinking i?, we get an isolating neighborhood K as in Definition 3.1 
since F^(A:,R) = 0. □ 

Lemma 3.3. Let K be an isolating neighborhood for the isolated orbit 7. For every neigh- 
borhood V of in C°°{S^ , N)/S^ there exists a neighborhood O of Ti in the space of stable 
Hamiltonian structures such that the following holds: ifH' = {£,',X',u}') £ O then all closed 
X' -orbits in K homotopic to 7 (through loops in K) lie in V. 

The statement above is easy and left with no proof. 
3.1. Finite-energy cylinders in isolating neighborhoods. 

Lemma 3.4. Let % = {^^X^u), J G J(T-L), L > and an isolated X -orbit 7 be given. Let 
also K be an isolating neighborhood of 7 and 0, be a symplectic form on [—L, L] x K which 
tames J and agrees with u on T{{zizL} x K) up to positive constant. Then there are C°°- 
neighborhoods OofH andD ofVt, and a neighborhood U of J in the -strong topology such 
that the following holds. IfU^ = {i^,X^,uj^) eO, e J{n^)nU, J G Jl{J- , J+) DU , 
and (l £ V is symplectic and coincides with on T({ibL} x K) up to positive constants, 
then the following assertions hold. 

(1) Q tames J on [—L, L] x K. 

(2) There exists C > such that every finite-energy J -holomorphic map F = (o, /) : 
R X S"! ^ R X A^ satisfying 

i) /(R X 5^) C K and the loops 1 1— )• f{s,t) are homotopic to 7 in K; 

ii) {+00} X S"^ is a positive puncture and {—00} x is a negative puncture of F; 
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must also satisfy E{F) < C and /(M x S^) C \ni{K). 
Here we use Vt to define E{F) according to the discussion in 2.2.3 

The proof below makes use of the results from Appendix A. 

Proof. Suppose the lemma is not true. Then we find 'H^ = {^^,X^,oj^) T-L in C°° , € 
J{T-L^), Jn £ JhiJn ^ Jn) such that J^,J~,Jn^J in the strong C°°-topology, Q,n symplectic 
forms on [—L, L] x K coinciding with lo^ on T({ibL} x K) up to positive constants such that 
r2„ — )• Q, and non-constant finite-energy J„-holomorphic maps = (a„, /„) satisfying i), ii) 
above, and not satisfying the conclusions of lemma. 

Obviously, 0„ tames Jn on [—L,L] x K if n is large enough. We claim that {E{Fn)} is 
bounded. In fact, since H2{K,M.) vanishes, there exists a primitive a for ^1 on [—L,L] x 
K. Using the Mayer- Vietoris principle, we find a sequence of primitives a„, dun = r2„, on 
[— L, L\x K such that a„ — > a in C°°. Consider the inclusions i± : K :^ x K ^M.x K, 

and the 1-forms = ij-a„, = i^a. Then, by the properties of Qn and Q we have 
— )■ a^, da^ = c^oj^, da^ = c^oo, where c^^c^ > satisfy — )■ c^. By adding AO to q„ 
and a, with ^ ^> 1, we may assume liminf„ inf^^ i-^±an > 0, where is a closed 1-form as in 
Definition 3.1. Abbreviating Un = F-^{[-L,L] x K), and orienting d^Un = F-^{{±L} x K) 
as the boundary of Un, we get 



Jf-\[L,+oo)xK) JUn JF-\i-oo-L]xK) 



'F^^([L,+oo)x_ft:) JUn J F^^((-oo-L]xK) 

< C 

'in 

for some bounded constant c" > independent of n, where 7^ are the asymptotic limits of 
Fn at {±00} X S'^ oriented by the Hamiltonian vector fields. By Lemma 3.3, 7^ — t- 7, so that 
we get the uniform bound for the last line. The other terms of the energy defined in 2.2.3 are 
easier to estimate. 

We can assume /„(M X 5I) n / 0. By Lemma 3.3, 7^ C int{K). Thus, we find (s„, t„) 
such that fnisn,tn) G dK. We claim that dFn is Cj°j,-bounded. If not we use Lemma A.l 
to get a non-constant finite-energy J-holomorphic plane with image in M x iC. Lemma A. 6 
applied to the end of this plane gives us a contractible periodic orbit of X inside K, a 
contradiction to our assumptions. 

Let dn = an{sn, tn) and define u„ = (a„(s-|-Sn, tn) — dn, fn{s + Sn, tn))- By the above discus- 
sion we have Cj^^-bounds for 5„ and, consequently, also C{^^-bounds. Up to a subsequence, 
we can assume there exists a finite-energy non-constant J-holomorphic cylinder u = (b, u) 
such that Un ^ u in C^^. Letting C C M x S"^ be compact and arbitrary, we wish to show 
that J^u*uj = 0. By Lemma A. 6 we find sequences — )• ±00 such that the loops u{s^,t) 
converge to periodic orbits of X (homotopic to 7 in K) as j — )• cxo. But the only such orbit 
is 7 itself, so that 

< I u*uj <lim I u*uj = \ { I - I 

Jc i Jls-,s+]xs^ c+ VA J-y 
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Thus Ei^{u) = and we can apply Lemma A. 5 to u to conclude that X has a periodic orbit 
in homotopic to 7 in which touches dK. This is absurd. □ 

We need a version of the above statement for almost complex structures as we stretch the 
neck. The proof is similar and omitted. 

Lemma 3.5. Suppose we have a stable Hamiltonian structure % = cj) on N , and let 7 

he an isolated closed X -orbit. Consider an isolating neighborhood K for 7, J € J{'H), L > 0, 
and symplectic form on [—L, L]xK taming J which coincides with u on T({zizL}xK), up to 
positive constants. Then there are neighborhoods O ofH, T) ofQ, W ofuj in the -topology 
(weak or strong), and U of J in the strong -topology such that if %' = {(,',X',u)') G O, 
u! £ yV, R > L, J' £ J{%') nU, J G Jl<r{J') nZ^ and G V are symplectic forms on 
[—L, L] X N satisfying 

• coincides with oj' on T[L x N) and with a) on T{—L x N), up to positive constants; 

• Q'_ coincides with O on T{L x N) and with u' on T{—L x N), up to positive constants; 

and J is adjusted to u) on the neck [L — R,R — L] x K, see 2.2.2, then the following assertions 
hold. 

(1) {t^rY^'j^ tames J on {±[R -L,R + L])x K. 

(2) There exists C > such that every finite-energy J -holomorphic map F = (a, f) : 
Rx ^Rx N satisfying 

i) f{R X S^) C K and the loops 1 1— )• f{s,t) are homotopic to 7 in K; 

ii) {+00} X is a positive puncture and {—00} x is a negative puncture of F; 
must also satisfy E{F) < C and f(R x S^) C mt{K). 

In ii) above we use the symplectic forms (tzpr)* i^'^. on {±[R — L,i? + L]) x K and the 2-form 
Co on the neck [L — R, R — L] x K to define E{F) as described in 2.2.3. 

3.2. Special stable Hamiltonian structures. 

Definition 3.6. We call % = {^,X,oj) special near 7 if there exists a small closed smooth 
tubular neighborhood K of 'j as above such that one of the following (mutually excluding) 
conditions holds: 

i) Ti is induced by some contact form, i.e., ^ = ker q, X = Xa and uj = Cda where a is 
a contact form defined near K and C > is a constant. 

ii) The 1-form A given by (2.1) is closed on K. 

If some K is given for which i) or ii) applies then we say % is special for 7 and K. 

In order to define local contact homology of the pair i(H,^) one needs to slightly perturb 
% near K, within the class of stable hamiltonian structures, to make closed orbits inside K 
and homotopic to 7 (in K) non-degenerate. This may not be possible in general. However, 
when Ti is special near 7 this perturbation can always be performed. This is well-known 
if i) holds. Assume % falls into case ii). Let a be a primitive for uj on K, which exists 
since Il'^{K,R) vanishes. Possibly after replacing a by CA + a, with C ^ 1, we can assume 
vo-ix ixot > Q and a is a contact form on K. The Reeb vector field X^ is a pointwise positive 
multiple of X. Let a' be a C°°-small perturbation of a near K so that all closed a'-Reeb 
orbits inside K homotopic to 7 are non-degenerate. Then lo' = da' is a small perturbation 
of oj and H.' = = ker A, X',a;' = da,'), where the vector field X' is given by ix'^' = and 
ix'A' = 1, is a stable Hamiltonian structure C°°-close to %. Moreover, since M.-X'' — M.-X'q,/ , 
closed X'-orbits inside K which are homotopic to 7 (in K) are non-degenerate. 
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Remark 3.7. Consider K = S x B and a smooth Hamiltonian H : K ^ M satisfying 
dHt{0) = 0,Vt. Assume is an isolated 1-periodic orbit of the Hamiltonian vector field Xjjt 
characterized by dHt = ixu^ojQ. The typical example of special stable hamiltonian structure 

satisfying ii) in Defintion 3.6 is H. = {ker dt, Xh,ujh), where Xh = dt + Xhi md ojh = 
dHt /\dt + wq. Then XQ^t) = (t, 0) is an isolated 1-periodic orbit of Xh. In this case we can 
perturb H to obtain a non- degenerate perturbation ofH. 

4. Local contact homology 

Contact Homology was originally introduced in [ ] inside the bigger framework of Symplec- 
tic Field Theory. Following Floer [ M ] we define a suitable version of what we call the local 
contact homology of an isolated orbit, see Definition 4.4. 

4.1. Defining local contact liomology. 

4.1.1. Local chain complexes. Throughout Section 4 we fix 7^ = {S^,X,uj), an isolated closed 
X-orbit 7 = (x,T), and assume H is special for 7 as in Definition 3.6. Since 7 is isolated, 
we will fix an isolating neighborhood K of 7. Moreover, as explained in 3.2, perhaps after 
shrinking K, we can always perturb H to an arbitrarily C°°-close H' = {^',X',uj') so that 
all X'-orbits in K homotopic to 7 are non-degenerate. We refer to H' as a non-degenerate 
perturbation of H. This notion depends on K and on the homotopy class of 7 (in K). 

Let H' = be a small non-degenerate C°°-perturbation of H. We denote by 

V{'H' ,K,^) and Vo{H.' , K , 'y) the sets of closed X'-orbits and good closed X'-orbits in K 
which are homotopic to 7, respectively. By Lemma 3.3 every 7' S V(H',K,'y) is very close 
to 7 if H' is close enough to H, in particular, they all lie in the interior of K. V {H' , K , j) 
is finite if H' is close enough to H since there are automatic period bounds for the orbits in 
V{T-L' , K, 7). We fix a homotopy class of cj-symplectic trivializations of the bundle — )• M/Z, 
where xt : M/Z — )• X is the map given by t 1— )• x{Tt). It distinguishes homotopy classes of 
w'-symplectic trivializations of along every 7' € V{H',K,'y), which are used to compute 
Conley-Zehnder indices fj-czil')- Let C*{H.' , K, 7) be the vector space over Q freely generated 
by Vo{H', K, 7) and graded by |7'| = ficzij') + n — 3. 

In order to define a differential on C*{H.' , K,^) we need to choose J G JiH) and assume 
that we can find J' G J{T-L') arbitrarily C°° -close to J (strong or weak) which is regular 
for the data {T-L',K,j) in the following sense. Consider the set J^{J' , K,j) of finite-energy 
J'-holomorphic maps FrMxS*^— t-MxX with a positive (negative) puncture at -|-oo x 
(at — c« X S^), with image in M x JT, and asymptotic to orbits in P(^',i^, 7). Then we 
call J' regular for the data {T-L',K,^) if the linearized Cauchy-Riemann equations at every 
F G J^{J', K, 7) determines a surjective Fredholm operator in a standard functional analytical 
set-up; see [33]. 

Remark 4.1. The above described transversality assumption does not hold in general. The 
transversality issues in Symplectic Field Theory are expected to be solved by the work of Hofer, 
Wysocki and Zehnder [22, 23, 24]. 

Let 7', 7" G V{H' , K, 7), and consider the moduli spaces Mxj'i'y'', 7") consisting of equiv- 
alence classes of triples {t~^ ,t~ , F), where t^ G and F G F{J' , K,j) is asymptotic to 7' 
and 7" at the positive and negative puncture, respectively. Moreover, writing F = {a,f), it 
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is required that 

lim /(s, t^) = pty 

(4.1) 

lim f{s, t ) = pty/. 

Two triples {t^,t~,F) and (t+,t^,G) are equivalent if there exist As, At G M such that 
F{s,t) = G{s + As, t + At) and t^ + At = r^. Under the above mentioned regularity 
assumption then, according to Theorem from [33], we find that MK,j'{'~f'yl") is a smooth 
orbifold of dimension |7'| — |7"|- When 7' 7^ 7" these spaces are equipped with a free M-action 
induced by translations in the first coordinate of the target manifold M x N. 
The proof of the following statement will be deferred to the end of 4.1.1. 

Lemma 4.2. If Ti' is a non- degenerate sufficiently C°° -small perturbation ofH., and J' £ 
J{T-L') is sufficiently -close to J and regular for the data (V.' , K, 7), then AiKj'il'', 7")/^ 
is finite, for any pair of orbits 7', 7" G V{7i' , K,j) satisfying \^'\ = \^"\ + 1. 

Under the above assumptions on Ti' and J' we follow [ ] and associate to every [t"*" ,t~ ,F] £ 
M.K,j'{l''-, 7") a sign e[t"'", t~, F] = ±1 by using suitable coherent orientations of these moduli 
spaces (and comparing them with the orientation given by the infinitesimal M-action). These 
signs are well-defined even when 7' or 7" is a bad orbit. Following [ ], we set 

(4.2) n(7',7")= E ^[t^^t'^F] 

[i+,i-,F]G>!^,,,,{7';7")/K 

for every pair 7', 7" G VoiTi,' K,^) satisfying |7'| — \ = 1. Set 71(7', 7") = otherwise. 
Finally we define a linear map 

(4.3) d:a{n',K,j)^a-i{n',K,-f) 

by 

(4.4) 7'^ E ^^^7" 

7"ePo(W',^,7) ^ 

on generators 7' G Vq{'H',K,j). Note that the coefficients in the above sum are integers. 

Lemma 4.3. IfTi' is a non- degenerate sufficiently -small perturbation ofH, J' G is 
sufficiently C°° -close to J and regular for the data {T-l',K,'y), then the square of the map (4.3) 
vanishes. 

The proof of the above statement strongly relies on Lemma 3.4 and will be given below. 

Definition 4.4. Let 7 be an isolated closed orbit for the special stable Hamiltonian structure 
% = (^,X, w), and take a small isolating neighborhood K for 7. Let %' be a small non- 
degenerate perturbation ofH, and J' G JiH') be a small perturbation of J in the strong C°°- 
topology which is regular for the data {J-L',K,^). The local contact homology of HCiJ-L,^) is 
defined as the homology of the complex {C^:{'H' , K,'y),d). 

The remaining of Section 4 is devoted to showing that this definition does not depend on 
the choices of K, %' and J' with the above properties. 

Proof of Lemma The argument is standard. If the lemma does not hold we find a se- 
quence Cn G M.K,j'(ci' of distinct elements. Energy bounds for {C„} are automatically 
guaranteed by Lemma 3.4 since the data ("H', J') is assumed arbitrarily close to ("H, J). The 
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limiting behavior of the sequence is described by the SFT-Compactness Theorem from [ ]. 
Using a primitive for w' on K one constructs an exact symplectic form on M x taming 
J', so that the Hmiting holomorphic building of the sequence C„ does not contain spheres. 
Also, finite-energy J'-holomorphic punctured spheres on M x must have positive punctures. 
Since there are no contractible X'-orbits in K, Lemma A.l and Lemma A. 6 together imply 
that the limiting holomorphic building does not contain planes. Hence, it must be a broken 
cylinder with possibly many levels, all contained in M x IT. However, by additivity of the 
Predholm indices and regularity of J' there is only one level, which must be an element of 
M.Kj'{'~f';j")/'M.. But these are isolated, again by regularity, a contradiction. □ 

Proof of Lemma 4-3- The proof follows a standard argument, see [2]. Consider closed X'- 
orbits 7, 7" G V{T-l' , K, 7) satisfying I7I — |7"| = 2. We need to show first that sequences of el- 
ements in must necessarily converge to a 2-level holomorphic building, its up- 
per level being an element oi Aix^'il] 7')/^^ its lower level belonging to MK,j'il''i 'j")/^- 
This follows from an argument similar to that given in the proof of Lemma 4.2, using that 
there are no finite-energy J'-holomorphic spheres on M x i^, using also that limiting holo- 
morphic buildings of sequences in AiKji{'y,^")/U. do not contain planes, and that J' is 
regular for the relevant cylinders. Clearly, we used compactness of K and the automatic 
energy bounds from Lemma 3.4 since {H' , J') can be as close to {7i, J) as we want. Sec- 
ondly, one must show that all such 2-level broken cylinders arise as SFT-limits of sequences 
in A^x,j'(7' 7")/^- To this end we argue that, since we allow {T-i',J') to be as C°°-close 
to (7^, J) as we please, all maps F = (a, /) : M x S-*^ — )• M x representing elements of 
Mk,j'{i^;1~) satisfy /(M x S^) C int(K), for any 7=^ G V{'H',K,-f). This follows from 
an application of Lemma 3.4. Therefore, using the assumed regularity, we can glue a cylin- 
der in A^/i'^j'(7; 7')/M with a cylinder in A^^^j/(7'; 7")/M and again obtain a cylinder in 
■^K,j'{l'-,l") (the projection of the image of the glued cylinder still lies in m\j{K)). Thus 
(f' counts algebraically boundary points of entire 1-dimensional moduli spaces (broken cylin- 
ders with a bad orbit in between cancel each other). □ 

4.1.2. Chain maps. The first step to prove that Definition 4.4 is well-posed is to define suitable 
chain maps between the chain complexes induced by different perturbations. We consider C°°- 
small non-degenerate perturbations %' = , X' ,u}'), %" = , X" ,oj") of Ti, as explained 
in 4.1.1. Also, we select J' G JCH') and J" G JiTi") C°°-close to J and regular for the data 
{T-l',K,j) and {Ti",K,^), respectively. 

We assumed 7i is special for 7. Consequently, according to Definition 3.6, it is either 
induced by some contact form a, or the 1-form A as in (2.1) is closed. In the first case we 
consider Qq = d(e"a), and in the second case consider = d{Ae'^X + a) where a is some 
primitive oi lv on K, 1 and a is the M-coordinate. In both cases J is rio-compatible. For 
any L > we can find a small exact perturbation $7 of Oq on [—L, L] x K, which agrees with 
a positive multiple of uj' on T{{L} x K) and with a positive multiple of uj" on T({— L} x K). 
For any fixed L > we may find an almost complex structure J G Jl{J'\ J')- Taking J', J" 
sufficiently C°°-close to J, we can find such J arbitrarily close to J in the C°°-strong topology. 
Then J will be fi-tamed when ^2 is a small perturbation of VLq as described above, will be 
used to define energy of J- holomorphic maps. 

Analogously as before, consider the space J^( J, -ftT, 7) of finite-energy J-holomorphic maps 
-F = (a, /) : M X S*^ — )• M X A^, with image in M x and in the homotopy class of 7 (meaning 
that t I— )• f{s,t) is homotopic to 7 in K), see 4.1.1, with a positive (negative) puncture 
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at +00 X (at —00 X S^). We need again to assume that regularity is achieved for such 
cyhnders by arbitrarily small perturbations of J within Jl{J'\ J')- After such perturbation, 
in the appropriate functional analytical set-up, the linearized Cauchy-Riemann equations at 
all F G J^{J, K,j) determine surjective Fredholm operators. In this case we call J regular 
for the data {{n' , J'), {n" , J"), K,-f). 

Remark 4.5. Such transversality assumptions are not expected to hold in general, and one 
needs the difficult analytical tools from [22, 23, 24] in order to achieve transversality in a 
suitable sense. 

Given any 7' G V{H\K,^) and 7" G V(7i" , K,j), we consider the space -A4^ j(7';7") of 
equivalence classes of triples {t^ ,t~ , F), where t^ G 5^ and F G J^{J,K,^) is asymptotic 
to 7' and 7" at the positive and negative puncture, respectively. The equivalence relation is 
exactly as discussed in 4.1.1. Under the above transversality assumption, this is a smooth 
orbifold of dimension |7'| — |7"|; see Theorem in [33]. If |7'| — = one can associate 
signs e[t+,t~,F] to classes [t+,t-,F] G jil'-n")- these are 0-dimensional and one has 
the coherent orientations obtained from [ ]. Again, there is no need to assume 7' or 7" are 
good. 

Lemma 4.6. If the data {T-L',J'), (T-L",J") with the above properties is sufficiently close to 
{Ti, J) and J is a small C°° -perturbation of J which is regular for the data {{%' , J'), {%" , J"),K, 7), 
then the moduli space M j{"f' ; "f") is finite when \^'\ — \^"\ = 0. 

Proof. The proof of the above statement is entirely analogous to that of Lemma 4.2. Only 
note that one can construct an exact symplectic form on M x iiT taming J. For that one uses 
primitives of uj' ,uj" on K which are -close to a given primitive of uj. There are automatic 
energy bounds for sequences in j(7'i 7"); by Lemma 3.4. Hence limiting holomorphic 
buildings of such sequences contain no spheres. Since there are no finite-energy pseudo- 
holomorphic planes with respect to J', J" or J in M x [X' and X" have no contractible 
orbits in K, see Lemma A. 6), any limiting holomorphic building of a sequence in jil'^ l") 
must be a broken cylinder with possibly many levels. An index argument concludes the proof 
since we assume regularity for all relevant cylinders. □ 

Analogously to ['.)] we set 

n{l\l")= Yl 4t-',t-,F] 

if |7'| — \ = 0, or n(7',7") = if |7'| — \^"\ ^ 0. Then there is a degree map 

(4.5) ^■.C,(n',K,-f)^C,{n",K,-f) 
defined by 

(4.6) 7 ^ 2^ ^„ ^ • 

Y'eVo{n",K,y) 

As in (4.4), the coefficients in (4.6) are integers. 

Lemma 4.7. // the data {T-L',J'), {T-L",J") as above are sufficiently close to {T-L^J) and J 
is sufficiently close to J, then the map (4.5) is a chain map with respect to the differentials 
defined in (4.3). 
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Proof. The argument is entirely analogous to that for Lemma 4.3. Again the relevant facts are: 
a) there are no pseudo-holomorphic spheres or finite-energy planes in M x X with respect J', 
J" or J; b) the closures of the images of the projections onto N of all cylinders in -F( J', 7), 
J-{J",K,'y) or J^{J,K,j) are strictly contained in int(-ftr). Note that b) is achieved by an 
application of Lemma 3.4 since J', J" and J are allowed to be taken arbitrarily close to J. 
Lemma 3.4 also provides automatic energy bounds for these cylinders (note our careful choices 
of taming symplectic forms on [— L, L] x K). Let us fix 7 G T'{7i' , K, 7) and 7" G ViT-l" ,K, 7) 
satisfying I7I — \^"\ = 1. By a), the automatic energy bounds and the assumed regularity for 
cylinders, SFT-limits of sequences in Ai^ j(7i 7") ™ust be a holomorphic building of height-2 
with two cylindrical levels, one of them is J-holomorphic and the other is holomorphic with 
respect to either J' or J" . The upper level is asymptotic to 7 at its positive puncture, and 
the lower level is asymptotic to 7" at its negative puncture. Now b) implies that the height-2 
holomorphic buildings as just described arise as limits of a sequence in j(7;7"), since 
after glueing both levels we must obtain a cylinder with image inside M x ii'. □ 

4.1.3. Homotopies. Two chain maps as in (4.5) turn out to be chain homotopic. To see 
this, consider %' ^H" small non-degenerate perturbations of %. Consider also J' G J{'H'), 
J" £ •JiT'L") small perturbations of J G Ji^) which are regular for the data {7i',K,'y) and 
{T-L" , K, 7), respectively, and to which the conclusions of Lemma 3.4 apply. 

Let Jo, Ji G Jl{J",J') be regular for the data {{n' , J'), (n" , J"), K,-/), and C7°°-close to 
J with the properties explained in 4.1.2. These exist since J' , J" are allowed to be taken very 
C°°-close to J. Then we may find paths {Jt} G Jt,l{J" ■, J') connecting Jq to Ji which lie on 
a arbitrarily given small C°°-strong neighborhood of J, provided that Jo,Ji are sufficiently 
C°°-close to J. Moreover, one also finds an exact symplectic form on [—L, L]x K C°°-close 
to f^o as described in 4.1.2, which tames all Jt, is equal to a positive constant multiple of uj" 
on —L X A^, and to a positive constant multiple of uj' on L x N. Such a symplectic form can 
be used to define the energy of Jj-holomorphic maps, for all t G [0, 1]. 

We need the path {Jt} to be regular for the data {{Ti' , J'), (Ti" , J"), K,'y) in the following 
sense. Let J^{{Jt},K, 7) denote the set of pairs (t,F), where t G [0, 1], and F : RxS^ RxK 
is a finite-energy Jt-holomorphic cylinder with a positive (negative) puncture at +00 x (at 
—00 X 5^), asymptotic to an orbit in V{'H' , K, 7) at the positive puncture and to an orbit in 
V{7i" , K, 7) at the negative puncture. Regularity of {Jt} means that, in a standard functional 
analytical set-up, the linearization of the (i-dependent) Cauchy-Riemann equations at every 
{t,F) G J^{{Jt}, K,j) is surjective. We will assume that any path in Jt,l{J'\J') can be 
slightly C°^-perturbed to a regular path. Note that since Jo, Ji are already assumed regular 
then the perturbation may be done keeping the endpoints fixed. 

Remark 4.8. The above mentioned regularity may not always he obtained. One requires 
analytical tools from [22, 23, 24] to describe the precise set-up where the appropriate notion 
of transversality can be achieved. 

Consider {Jt} regular for the data {(T-L', J'), {H" , J"),K,^) and contained in a small C°°- 
neighborhood of J. For fixed 7' G V{H' ,K,^) and 7" G V^H" ,K,^), consider the moduli 
space A^^^|j^|(7';7") of pairs (t, t", F]), where {t,F) G J"({ JJ, JT, 7) and [t+,t-,F] G 
■^K,Jt^l''->l")- Here the space M.k,jSi' '-^l") '^^^ defined in 4.1.2. Under our regularity 
assumption the space Mr {Jt}il''-: l") is a smooth orbifold with boundary of dimension |7'| — 
|7"| + 1- 
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Lemma 4.9. Under the above hypotheses, the moduli space ■M.K,{Jt}i'y''^^") ^■^ finite when 
|7'| - lY'l + 1 = 0. 

The proof is entirely analogous to those of Lemma 4.2 or Lemma 4.6 and will be omit- 
ted. We need automatic energy bounds for elements in J^{{Jt}, K,'y), which is achieved by 
Lemma 3.4 in view of the special form of our small perturbations of the data {Ti, J) and by 
the properties of Q. 

As before, when |7'| — |7"| + 1 = there are signs e(t, [t~^ ,t~F]) associated to each element 
(t, [t^,t~F]) of ■M.K,{Jt}i'y''i^") induced by a system of orientations which is coherent with 
the glueing operation; see [ 1] . 

We set 

(4.7) n(7',7")= E e{t,[t^,t-,F]) 

when |7'| — |7"| = —1, or 77,(7', 7") = when |7'| — \ 7^ —1. There is a degree +1 map 

(4.8) T:a{n',K,-f)^C,+i{n",K,j) 
defined by 



(4.9) ry = Yl 



-7 



on generators. 

Lemma 4.10. Let : C^:{'H' , K,j) — C^{T-L" ,K,^) he the chain map (4.5) induced by Jj, 
j = 0, 1. Then ^0 - ^1 = HT o d - doT). 

The argument is analogous as the ones given to prove lemmas 4.3 and 4.7, only note 
here that moduli spaces A^x,{j(}(7; 7") with 7 G V{T-l' , K,j) and 7" S V{T-l" , K,j) satisfy- 
ing I7I = \ do have a genuine boundary, corresponding to elements of -M-Kjoil'i^") 
M 

Kji (7; 7")- As before one needs to make strong use of Lemma 3.4 to conclude that certain 
glued cylinders lie in M x i^. 

4.1.4. Stability of local contact homology. Here we study the chain maps (4.5) more closely 
and show that they induce isomorphisms between the homologies of the local chain complexes. 

Consider, as before, pairs {n' , J'), {%" , J"), where W = {i',X',u') and %" = {i'\X",uj") 
are small special non-degenerate perturbations of "H, and J' G J{T-L'), J" G J{T-i") are small 
perturbations of J which are regular for the data (T-L'jK,^) and {T-l",K,^), respectively. We 
can assume that the conclusions of Lemma 3.3 hold for T-L' , T-L" , and those of Lemma 3.4 hold 
for J', J". We fix L > and choose J+ G Jl{J" , J') and J~ G Jl{J' , J") sufficiently small 
perturbations of J in the strong C°°-topology, to which the conclusions of Lemma 3.4 also 
apply. This can be achieved since we have the freedom of choosing J', J" as C°°-close to 
J as we want. We also assume that are regular, as explained in 4.1.2. The energy of 
J^-holomorphic maps are defined using symplectic forms on [—L,L] x K, see 4.1.2. 

For any R > L we can consider the almost complex structure Jr defined by 

f (r_i?)*J+ on [0,+oo) x N 
(4.10) Jr=}''"_ 
^ ' \ (rK)*J- on (-00,0] X iV. 

Note that Jr G Jl<r{J') C JpiJ^L{J\ J'), and if J', J", J"*", J~ are sufficiently close to J then 
Jr lies in any given neighborhood of J in the C°°-strong topology, uniformly in R > L. As 
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is well-known for all choices 7j_ G 'P{'H' , K,j) and 7" G V{'H" , K,j) satisfying |7^| = |7^| = 
1 7" I, when R is large enough there is a surjective glueing map 

(4.11) #n ■■ Mkj+{7+;i") X Mkj-{i";0 ^ MkjJ^'+;^'_). 

Regularity is crucial in order to get this map well-defined. Also, finite-energy pseudo- 
holomorphic cylinders in K with respect to connecting orbits homotopic to 7 (in K) 
have the closure of the projection of their images onto K contained in the interior of K, by 
Lemma 3.4. So the same holds for the glued cylinders, and this is the reason why they lie in 
■^Kjnil+'^l-)- How the cylinders are glued is determined by the asymptotic markers at the 
punctures corresponding to the orbit 7", and different configurations could induce the same 
glued cylinder. So, this map is not injective and the same glued cylinder appears 171^' times. 
Thus, for fixed 7^ and 7" as above with |7^| = |7^| = we have the formula 

E e[t^,t-,F]e[r^,r-,G] 

' [t+,t-,F]eMKj+{7+;i") 

(4.12) [r+,r-,G]€Mj,j-il";i-) 
[9+,e-,H]eMi,j^ij'+n'_) 

The fact that the orientations are coherent under glueing was used above. It follows from (4.12) 
that 

(4.13) $_o$+ = <|.j^ 

where ^± are the chain maps (4.5) induced by J^, and is the chain map induced by Jr. 

As explained above, the glued cylinders have images contained in M x int(-fir). The glue- 
ing analysis will give surjectivity for the linearized Cauchy-Riemann operators at the maps 
parametrizing these glued cylinders, so that Jr is regular for the data {{1-1' , J'), {V." , J"),K, 7) 
in the sense explained in 4.1.2. Recall that Jr can be arranged to lie on a small neighborhood 
of J (in the C°°-strong topology). 

Note that Jr G Jl<r{J') is adjusted to uj" on the neck [L — i?, i? — L] x K. Moreover, one 
can find regular"^ homotopies { Jj} C Jl<r{J') connecting Jr to J' inside an arbitrarily small 
neighborhood of J in the strong C°°-topology, since we are allowed to assume J' , J"J~^, J~ 
are arbitrarily close to J. Moreover, the convex combination LOt '■= (1 — t)u}" + tuj' is a path 
of closed 2-forms near K of maximal rank (since uj" ~ uj') and the path Jt can be arranged 
to be adjusted to uJt on the neck [L — R, R — L] x K. We can apply Lemma 3.5 to conclude 
that finite-energy Jr cylinders F = {a, f) in M x K connecting orbits homotopic to 7 in X 
satisfy /(M x S^) C int(i^'). Note that we have automatic energy bounds for such cylinders, 
and that the conclusion we obtained is independent oi R> L. 

Thus, we can argue as previously explained in 4.1.3 to get a chain homotopy between the 
chain map $r and the chain map induced by the M-invariant J'. This last chain map induces 
the identity already at the chain level. In view of (4.13) we conclude that o is the 
identity at the homology level. We proved 

Lemma 4.11. Suppose thatT-L' are sufficiently small special non- degenerate -perturbations 
of %. Suppose also that J' G J{T-L') and J" G JiJ-L") are sufficiently C°°-close to J 



^Regularity here needs to be assumed. 
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and regular for the data {T-L',K,j) and {'H",K,j), respectively. Then the homologies of 
{C^{'H' , K,j), d) and {C^{'H" , K,j), d) defined above are isomorphic. 

It follows from our discussion that there are well-defined graded vector spaces i^C* {7i, K,^, J) 
given by the homology of the chain complex (C*(^', K, 7), d) where is a small tubular neigh- 
borhood of 7 and the data {V.' , J') ~ {V., J) is carefully chosen as above. We still need to 
address the independence of HC^:{'H, K,j, J) on J and K, which will be done below. 

4.2. Invariance of local contact homology. 

Lemma 4.12. Let = (^'^, X*, c<j*)}5g[o,i] a smooth family of stable hamiltonian struc- 
tures on a manifold N , and G J^{T-L^) be a smooth 1-parameter family of M-invariant 
almost complex structures. Let ^ be a closed -orbit and let K be a small compact tubular 
neighborhood of (the geometric image of) 7 such that for every s G [0, 1] the following hold: 

(a) the vector field is a pointwise positive multiple of X^ on the geometric image 0/7, 

(b) 7 is the only closed orbit of contained in K in its free homotopy class ( of loops in 
K), 

(c) X* has no closed orbit contained in K which is contractible in K , 

(d) Either H.^ is induced by some contact form on K , or the 1-form A** associated to 
as in (2.1) is closed on K (see Definition 3.6). 

Then Hain'^,K,j,J°) ~ HC4n\K,-f, J^). 

In (b) above we abuse the notation and see 7 as a closed X^'-orbit. This is possible in view 
of (a). 

Proof. It is an immediate consequence of Lemma 4.11 that for every sq G [0, 1] there exists e > 
such that ^^C*(?^^ i^, 7, J'^) = FC=, (7^*0, JT, 7,7^^0) for ah sG [0,1] satisfying |s-so| < e. In 
fact, if not, we find a sequence Sn sq such that HC^:{'H'^" , K, 7, J''") / HC^{'H'^'^' , K, 7, J'^"), 
Vn. By our transversality assumptions, there are very small C°°-perturbations ((Hn, J'n) of 
{T-i^'\ J*") such that is non-degenerate, is regular for the data ('H^,-fr, 7), (^^, J'n) — ^ 
("H*", J*°) in C°° as n — 7- 00, and the conclusions of Lemma 3.4 hold for all J^. More- 
over, the homology of the chain complex (C=k(7^^, K, 7), d), where d is defined using J^, is 
HCjf{'H^" , K,^, J'^"). However, Lemma 4.11 says that these homology groups are also equal 
HCifiT-L^^ , K,'y, J**") when n is large, a contradiction. The conclusion now follows from com- 
pactness of [0, 1]. □ 

As a consequence we can drop the dependence on J of the local contact homology of the 
data {H, K, 7, J). It is easy to see that it is also independent of the small tubular neighborhood 
K where 7 is the only closed Hamiltonian orbit in its free homotopy class (of loops in K). 
We will write simply HC{7i,j). 

5. Local contact homology of isolated prime Reeb orbits 

In this section we establish the relation between local contact homology of an isolated prime 
Reeb orbit and the associated Poincare return map to a local cross section. 

Proposition 5.1. Let a be a contact form on a manifold N, and 7 be an isolated prime Reeb 
orbit. Let T, C N be an embedded hypersurface transverse to ^ at a point p G 7, so that the 
local first return map (p : {U,p) — )■ {T,,p) is well-defined on a small neighborhood U of p in T,. 
Then LLC {a, j) and HF{ip,p) are isomorphic. 
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In the above statement we denote by HF{ip,p) the local Floer homology at the isolated 
fixed point p of the germ of symplectic diffeomorphism (p of the symplectic manifold (S, cia|s)- 
The isomorphism in Proposition 5.1 is defined only up to an even shift in the grading, since 
the grading of the local Floer homology of a germ of Hamiltonian diffeomorpohism near an 
isolated fixed point is only defined up to an even shift, see [16]. 

5.1. Local models. 

Lemma 5.2. Let a be a contact form on a {2n — 1)- dimensional manifold, and 7 = {x,T) 
be a prime closed a-Reeb orbit. Then there exists a tubular neighborhood K ~ M/Z x B 
of x(M), where B C M^"~^ is a small open ball centered at the origin, with coordinates 
{t,qi, . . . ,pi, . . .), such that x{R) ~ M/Z x 0, a ~ Hdt + Xq, where H : K ^ R satisfies 
Ht{0) = T, dHt{0) = 0, and Aq = 2 Ylk=i Qkdpk - Pkdqk- 

Proof. First, it is simple to get a tubular neighborhood K ~ M/Z x B such that a|iR/zxo = "^dt 
and da restricted to x M2»i-2 ^ T^^^qs^{R/Z x B) coincides with ojq, Vt G M/Z. Now, by a 
parametrized version of Darboux's Theorem for symplectic forms, we can change coordinates 
to obtain da\j,^^^^s^ = ojq, Vt. 

Now, let the a-Reeb flow be denoted by (pt. On a small neighborhood C/ of G M^"~^ 
we find a smooth function r : [0, 1] x [/ — )• M such that 4'T{t,z){^T € t x B. The maps 
(pt{z) = (/'r(t,z)(0, z) defined on U are symplectic embeddings fixing the origin. Hence, we can 
find a smooth Hamitonian Ht defined near such that ipt is its Hamiltonian flow. Moreover, 
Ht can be arranged to be 1-periodic on t and, consequently, defines a smooth function near 
R/Z X 0. There is no loss of generality to assume that Ht{0) = T. It must satisfy dHt{0) = 
since is left fixed. Consider the vector field Xh = dt + Xh^, where dHt = ixjj^ojQ. By 
the definition of (ft we get i^^da = 0. But our coordinates obtained so far guarantee that 

da = /3t A dt + ujQ, for some 1-periodic smooth family of 1-forms defined near G M^"~^ . 
Consequently 

= ix^da = {ixH^l^t)dt - I3t + Iy^^^o = {'ixHtPt)dt - + dHt 

proving that /3j = dHt- In other words, da = dHt /\dt + ojq. 

Let ai = Hdt + Aq, so that d{a — ai) = 0. Moreover, /^/^xo ~ Q^i = Siiid, consequently, 
we find a smooth function / defined near M/Z x such that df = a — ai. After subtracting 
a constant we can assume / = on M/Z x 0. Consider = (1 — s)a + sai and the vector 
field Yg = fXa^ where, for each s G [0, 1], X^^ is the Reeb vector of the contact form ag. 
Denoting by ipg the flow of Yg we get 

'^i^las = ipliiY^das + d{iY,as) + ai- a) = il^*{df + ai - a) = 0. 
ds 

Moreover, M/Z x is left fixed by ipg- Using -01 we obtain the desired coordinates. □ 

5.2. Proof of Proposition 5.1. Let 7 = {x,T) be a prime closed isolated Reeb orbit for a 
contact form a, as in the statement of Proposition 5.1. In view of Lemma 5.2 we work on 
K = M/Z X B with coordinates {t,qi, . . . ,pi, . . .), and assume a = Htdt + Aq, Ht{0) = T, 
dHt{0) = 0, and x{t) = (t/T, 0). Also, we assume 7 is the only closed a-Reeb orbit which 
goes once around the tube. Thus we can take (S,(ia) = (0 x B^ujq). 

The 1-forms a^ = {l — s)a+sdt, s G [0, 1], are contact forms for s < 1 and dug = {l — s)da = 
(1 — s)uh, where loh = dHtAdt + UQ. Consequently the Reeb vector fields Xa^, s G [0, 1), are 
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all positive multiples of each other, proving that x(M) is the only closed Og-Reeb orbit going 
once around the tube. Consider the family 

'Hs = i^s = '^eTas,Xa,,da = u)h), s G [0, 1) 
of stable Hamiltonian structures. It can be smoothly continued to [0, 1] by setting 

■^1 = (6 = ker:dt,XH,i^H) 

where Xh = dt + Xnt- Since the 2-form is independent of s, the conditions of Lemma 4.12 are 
fulfilled, so that HC^.{Hs-,^) does not depend on s G [0, 1]. It is easy to check that HC^{'Hi,j) 
coincides with the local Floer homology of the isolated 1-periodic orbit of the Hamiltonian 
Ht, up to an even shift in the grading since the homotopy class of da-symplectic trivializations 
along 7 induced by the choice of coordinates given by Lemma 5.2 was not specified. This 
concludes the argument. 

6. Estimating local contact homology 

In this section we prove the following statement. 

Proposition 6.1. Let a be a contact form on a manifold N and 7 = (x,T = m-To) be 
an isolated a-Reeb orbit with multiplicity m and minimal period Tq > 0. Let T, C N be 
an embedded hypersurface transverse to 7 at p = x(0), so that the local first return map 
ip : {U,p) — 7- is well-defined on a small neighborhood U ofp in S. Then dimffC*(a, 7) < 

dim HF^{7p"^,p), for every * G Z. 

The gradings in HCt:{a,^) and in HF^{tp'^ ^p) are given by the Conley-Zehnder indices 
computed with respect to homotopy classes of symplectic trivializations induced by a common 
homotopy class of da-symplectic trivializations of ^ = kera along 7, which we fix from now 
on. 

6.1. Geometric set-up and notation. Let n be defined by dim = 2n— 1, denote the Reeb 
vector field of a by i? and fix J G J {a). Let K ~ M/Z x i? be an isolating neighborhood 
for 7 equipped with coordinates {t,z), z = (qi, . . . . . . ), such that x{t) = (t/To,0), a 

coincides with dt on M/Z x 0, da\^ coincides with = '^idqi A dpi along M/Z x 0, and 
infi^ iRdt > 0. Here B C M^"~^ is a ball centered at the origin. This choice of coordinates 
induces a da-symplectic trivialization of ^ along 7, which is assumed to be in the homotopy 
class previously chosen. 

Consider a small non-degenerate perturbation a' of a on and J' G J{oi') a small 
perturbation of J which is regular for the data (a', K, 7) as explained in 4.1.1. We denote by 
V the set of closed a'-Reeb orbits in K homotopic to 7, and by C P those which are good. 
Let = C*(a',-fC, 7) be the Q- vector space freely generated by Vq graded by the Conley- 
Zehnder indices. Then J' can be used to define a differential d on C* and, by Lemma 4.11, 
if (a', J') is sufficiently close to (a, J) the homology of {C^:,d) is the local contact homology 

The natural m : 1 covering 
(6.1) U: K :=R/mZxB K = R/ZxB 

can be used to lift all the geometric data. H*a is a contact form on K and n~^7 is an isolated 
n* a-Reeb orbit, K is an isolating neighborhood for n~^7, U*a' is a small non-degenerate 
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perturbation of n*a and {id x n)*J' £ ^^(11*0') is regular for the data (n*a',K,n ^7) and 
close to (id x 11)* J. The covering group = TLjmTL of 11 acts on K with generator 

(6.2) a:k^K, {t, z) ^ {t + 1, z). 

The data (11* a', {id x 11)* J') is invariant under this action. The lifts of closed a'-Reeb orbits 
homotopic to 7 are precisely the closed n*a'-orbits which go once around the tube K and, 
consequently, they are all good. Moreover, their Conley-Zehnder indices coincide with the 
Conley-Zehnder indices of their projections. 

Let V be the set of closed 11* a'-Reeb orbits in K going once around the tube, which 
coincides precisely with the set of lifts of orbits in V. The elements of P freely generate a 
Q-vector space C* graded by the Conley-Zehnder indices. Since J' is assumed very close to J 
in the C°°-strong topoloy, {id x 11)* J' determines in the standard way described in Section 4 
a differential d on C* . According to Proposition 5.1, the homology of {C.^,d) coincides with 
the local Floer homology HF^{'ip"^,p). 

Orbits in V have possibly many lifts to V, and the natural projection is still denoted 
n : P — 7- "P. The generator a of the Z^-action (6.2) induces an obvious action on V, and we 
choose a preferred lift for every element of V. Our notation will be the following: if we write 
(f to denote an element in V then the chosen preferred lift is (p. Every orbit (p £ V comes with 
a marked point pt^ € x B. Its multiplicity divides m and (p has precisely p = m/m^ 
lifts which are orbits in 

:=n-l(^) = {99,(799,..., cjp-V}- 
Note that a'^'^^cp = a^ip, Vi. The marked point pt^ is chosen in x B and we set pt^j^ = 
a^{pt^), so that n(pt^j^) = pt^^, for j = 0, . . . — 1. The elements of O^^ are simultaneously 
called good/bad if (p is good/bad. This terminology might be troublesome since all elements 
ofV are SFT-good (all such orbits are simple), but we will proceed without fear of ambiguity. 
The map 11 : "P — )• "P induces a linear map 

(6.3) n, : a ^ a 

by setting II,,, = 11 on good generators and 11* = on bad generators. Finally set 

+ 1 if is good, 
— 1 if is bad. 



(6.4) ,5, 



6.2. Finite-energy cylinders and their lifts. Given r],C, £ V we denote by A^(r/, (") the 
moduli spaces of finite-energy J'-holomorphic cylinders in M x X with a positive and a negative 
puncture, asymptotic to r] at its positive puncture and to Q at its negative puncture, with 
asymptotic markers. Namely, an element is an equivalence class of triples {t~^,t~ ,F), where 
£ S^, F = {a, f) : W X — )■ M x is a non-constant finite-energy J'-holomorphic 
map with a positive puncture at +00 x where it is asymptotic to r], with a negative 
puncture at —00 x 5^ where it is asymptotic to C,, and satisfying \\m.s^+oo f{s-,t'^) = pt^, 
lim<i_>_oo /(s, t~) — )• pt^. The triple {9~^,6~ , G) is equivalent to {t^,t~ ,F) if one finds c. As G 
M and At £ satisfying F{s,t) = Tc o G{s + As,t + At) and t^ + At = 9^. Differently 
from the notation in Section 4, here we do quotient out by the M-action on the target. The 
equivalence class of {t~^,t~,F) is denoted Moduli spaces M.o{rj,C) of cylinders 

in M X ii' without asymptotic markers are defined as a set of equivalence classes of maps as 
above, where two maps F, G are equivalent if there exist c. As E M and At G such that 
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F{s, t) = Tc o G{s + As, t + At). The class of such F is denoted by [F], and there is a natural 
surjective map 

(6.5) A:MirjX)^MoirjX), [t+ ,t- , F] ^ [F] . 

Let F represent a given class [F] G Aio{r]X)- Then the group Iso(i^) of holomorphic 
self-diffeomorphisms h of x fixing the ends ±00 x and satisfying F o h = F can 
be identified with a subgroup of since such h must have the form h{s,t) = {s,t + At). 
Although Iso(-F) depends on the representative F, its order wlF] = ^lso{F) depends only on 
[F]. The choice of F determines a subset of with elements, which are possible locations 
of asymptotic markers at the positive puncture. The group Iso(-F) acts freely on this set and, 
consequently, wlF] divides m^. Analogously, w[F] divides m^^. Note that Z^,^ and Zm<. act on 
A^(r/, C) by rotation of asymptotic markers, the generators are: [t^,t~,F] 1— )• [t"'" + l/m^, -F] 
and [t^,t~,F] 1— [t~^,t~ + l/m(,F]. The set A^-'^[F] has precisely m^?Ti^/u;[F] elements, 
V[F] GA^o(r/,C). 

There is a coherent system of orientations of the spaces M{r],(), for all choices r],(^ £ V, 
compatible with glueing^. These are defined as in [4] even when ry or ^ is bad, and determine 
signs €[t~^,t~,F] = ±1 when \r]\ — |C| = 1. One has 

e[t+ + l/mr„t-,F] = 6.r,e[t+,t-,F] 
e[t-^,t- + l/m^,F]= 5(;e[t+,t-,F]. 

In other words, the action of mM{r], C) by rotating the asymptotic marker at the positive 
puncture is orientation preserving/reversing when rj is good/bad. The analogous statement 
holds for the action of Z^^ by rotations of the asymptotic marker at the negative puncture. 
Hence this signs descend to signs e[-F] on Aio{r], Q only when r] and C are good. 

Moduli spaces of finite-energy {id x 11)* J'-holomorphic cylinders in M x asymptotic to 
orbits in V with or without marked points are defined in the same way. However, note that all 
such cylinders are somewhere injective and there are no non-trivial reparametrization groups. 

Choose any ip,fj gV and set p = m/m^, q = m/nif^. There are well-defined projections 

(6.7) : M{a'^,a^r]) ^ M{ip,fi) [t+ ,t~ , F] ^ [t+ ,t- ,U o F] 

where i = 0,...,p— 1, j = 0,...,q— 1. For any ( £ V denote 

p-l q-l 

M{0^,C)=\jMia'^,C) and M{C,0^) = [J M{C,a^v)- 

1=0 j=0 

We define the space Ai{0^,Ofj) analogously. 

Any finite-energy J'-holomorphic cylinder F = (a, /) representing an element in AiQ((p,f]) 
can be lifted to (possibly many) finite-energy (id xH)* J'-holomorphic cylinders, since the loops 
t I—)- f{s,t) go m times around the tube K and the projection (6.1) is pseudo-holomorphic 
with respect to J' and (id x H)* J'. To be more precise, recall the forgetful map A (6.5) and 



The reader should note that, in view of Lemma 3.4, if F = (a, /) is a cyHnder representing an element of 
A4{rj,Q for ri,( &'P then /(R x S^) C int(_K') because J' is assumed very close to some J £ J{a). Hence, 
assuming regularity, such cylinders can be glued to obtain cylinders which again project into a compact subset 
of intiF). 
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consider the bijection 



m. 



V 



(6.8) I " ■ ' ■ ■ ■ ' w[F] 

it+,t-)^[t+,t-,F] 

For each fixed i G {0, . . . ,p — 1}, a given choice of asymptotic marker at +oo x uniquely 
determines a Hft F = (a, f) oi F to x K asymptotic to the orbit a'^Lp at tlic positive 
puncture and satisfying f{s, t~^) — )• pt^^i;^ as s — > +oo. After this is done there is no control 
at the negative puncture: the asymptotic limit a^rj is forced on us, together with the unique 
location of the asymptotic marker t~ which satisfies f{s,t~) — >■ pt^j^ as s — >■ — oo. One must 
have 

hrn f(s,t+ + —)= a*^^(pt,v), e Z. 



s—^+oo 

Let us agree to say that [t'^,t~,F] G M.{ip,fj) lifts to M.{(T^ip,Ofj) when the unique lift 
F = (a, /) of F satisfying lim^-^+oo f{s, i^) = pt^i^ also satisfies lim f{s, t~) = pt^^j^ for the 
uniquely determined a^rj £ Of) that F is asymptotic to at the negative puncture. Hence, out 
of the m^mfi/w[F] elements of M.{(f^f)) only mcp/w[F] of them lift to M.{a^ip,Ofi)i for any 
fixed choice of i. Let us denote by M.^ the subset M.{0^, Of^) consisting of the [t^,t~ ,F] 
obtained lifting F as above. We concluded 

(6.9) #(A^^nA^(aV,Of?)) = ViG{0,...,p-l}. 

Obviously, all cylinders in M{0^, Ofj) are obtained by this lifting procedure from some cylin- 
der in A^(<^, f]). 

The projection n can be used to pull-back the system of coherent orientations of moduli 
spaces of curves in M x to a system of coherent orientations on moduli spaces of curves in 
M X ^: 

e[t+,t~,F] = e[t+,t~,UoF]. 

These are clearly compatible with glueing of curves on M x if . The generator a of the covering 
group determines a bijection (again denoted by a): 



rriin nifj 



(6.10) 

[t+,t-,F]^ 
where 

f 1 if i + 1 = p f 1 if j + 1 = g 

^^•11) '^+W = |oifz + l<p '^-(i) = |oifi + l<g- 

It follows that 

(6.12) eia[t+,t~,F]) = (<5^)^+«(5^)^-(^-)e[t+, F] 

for all [t+,t-,F] G M{a^ip,(j^ri). 

Remark 6.2. Let [F] G Mo{(f,fi), and let [t+,t~,F] G M{a^(p,Of)) satisfying UoF = F be 
fixed. Then 

M{a'^,Of))nM^ = {a''P[t+,t-,F] : > 0}, M'' = {a''[t+ ,t- ,F] : k > 0} 
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for all i £ {0, . . . ,p — 1} . 

6.3. A Zm-action on {C^,d) by chain maps. Since is even when (p is bad, we can 
consider a linear Z^-action on C=k with generator E defined by 

(6.13) E{ip) = aif, E{aip) = a^ip, E{aP'^(p) = 6^ip 
on the generators of d^. Our goal here is to show 

Lemma 6.3. The map E induces a 'Lm-action on C* hy chain maps. 
The lemma can be restated by saying that 

(6.14) Ed = dE 

so that we need to understand the difi'erential d qualitatively. Of course, it suffices to 
prove (6.14) on the generators V. 

Fix (p,fi gV satisfying \ip\ — |f/| = 1, and denote p = m/m^ and q = m/nif^. Each cylinder 
[F] G j\4o{ip,fi) reveals a distinct set 

(6.15) dfjGZ, ie{0,...,p-l}, jG{0,...,g-l} 

of coefficients which, loosely speaking, is the contribution of the lifts of F to cylinders mMxK 
(with all possible choices of asymptotic markers) connecting crV to a^r] to the differential d. 
To be more precise, recall the set C ^A{0^, Ofj) discussed in 6.2 obtained by the lifts of 
F. We write 

(6.16) Mfj=M^ nMia'^,a^r]). 
The coefficients (6.15) are defined as 

(6.17) dg= ^t'-^i'^h 

[t+,t-,F]&Mf^ 

We get the formula 

(6.18) daV= Yl E E4^'^ 

{f)eP:|f?| = |^|-l} lF]<=Moi'fi,fj) J=0 

which implies 

(6.19) {da'ip,a^v)= E 

[F]eMo{<?,fi) 

for ah {i,j)e{0,...,p-l}x{0,...,q-l}. 

From now on we view the indices i,j as periodic: i & Zp and j £ TLq. Recall the functions 
(5+ : Zp — )■ {0, 1}, b- -.TLq^ {0, 1} from (6.11). With these agreements the map E (6.13) acts 
on O^p and Or^ as 

Ea^if) = (<5^)'^+Wcr*+V, Ea^V = (df^Y'^^'^a^+'^T]. 

We have 

iF]£Mo(<P,fi) 
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and 



5+ii) 



SO to prove (6.14) it suffices to show that for any [F] S A4o{ip,r]) the following identity holds 



(6.20) 4(5,)'-(^')=<+i)(,+i)(5^)'+«. 



In fact, the map (6.10) maps Aifj bijectively onto ■M^j^^l^(^j_^_ly Thus 



'^{i+m+'i-) - Yl e[e+,e ,G] 

[t+,t-,F]&Mf^ 

[t+ ,t- ,F]eMf^ 



which is another way of writing (6.20). In the third equality we used (6.12). This concludes 
the proof of Lemma 6.3. 



6.4. n* is a chain map. 

Lemma 6.4. The map 11* in (6.3) satisfies n*d = dll* 



To prove the above statement we first fix arbitrary orbits (p,r] £ V, denote p = m/m^, 
q = m/nifj and split the argument in three cases. 



28 



U. HRYNIEWICZ AND L. MACARINI 



6.4.1. Case 1: r/ are good. Then for any i £ {0, ... ,p — 1} we have 

\ \[F]eA4o(<?,r?)i=0 / / 

= E 

[F]e.Mo(^,f;)i=o 

= E E E ^t*"'^-'^] 

(6.21) = E ( E ^[^] 

[F]eA4o(i?,f)) \[i+,t-,F]6A/!^'nA^(crV,C'fj) 
e[F] 

lF]eMo{v,v) ^ ^ 

[F]&Mo{'P,v) 

= — E ^t^^i'^F] 

[t+,t- ,F](^M{-f:,f!) 

= {dip, f)) = ((in^,aV, v) ■ 

In the second equahty we used (6.18), in the third equahty we used (6.17), in the fourth 
equahty we used that (p, fj are good, in the fifth equahty we used (6.9), in the seventh equahty 
we used that ip, f) are good and that A is surjective. 

6.4.2. Case 2: (p is had, f) is good. Fix io £ {0, . . . ,p — 1}. In this case clearly 

(dn*>^,?7) = 

by the definition of (since (p is bad). So the work reduces to showing 

(6.22) (uja'''ip,f]) =0. 



For any F representing some [F] G ^Ao{^p, rf) we have the px g matrix of coefficients d^ = {d[j) 
and, according to (6.21), 

(6.23) (n,daV,r?)= E E4 

is the sum over all possible such matrices of the sum of the elements of the ZQ-th line. Fixing F, 
let <I>o = [t^ ,t~ , F] G -^[ojo some reference element (as explained before, the lift F = (a, /) 
of F is uniquely determined by asking limg^+oo /(s,^"*") = pt^iQ^, the value of jo is forced 
on us). Recalling the action a (6.10) we have, by Remark 6.2, that = {a^^o : k G Z}. 
From now we consider the variables i and j as periodic: i G Zp, j G 7Lq. Analogously, the 
indices of the matrix will also be seen as periodic. Note that a^^o £ A^((7*"+'^(/9, a-^'^'^^ry). 
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and each element a'^^o G Ai^ contributes with e{a''^o) = ±1 to the coefficient d^^^_^_f^^^j^^f,y 
Obviously 

min{k > 1 : a'^^o G M^iojo} = lcm(p, q). 
However the set might be larger than {<l>o, ct^q, . . . , a^^'^^P''^^^^^^} since $o need not be 
equal to a^'^^^P''^^^Q. In fact, we have 

= {$o,...,a^i=°i(P''?)-i$o} 

where 

X = mm{k G {1, 2, . . . } I ^^•l^™(P''?)$o = ^o}- 

By (6.10), each walk {^o, ct^q, . . . , cr^^™^^''^^~^<I>o} on the matrix corresponds to lcm(p, q)/p 
rotations at the positive puncture, and to lcm(p, rotations of the negative puncture. In 
view of the definition of x we have 

(6.24) [t\t- , F] = [t+ - ''\t-- , g-^-^^-") o F 

so after applying the projection (6.7) we conclude 

^_ _ [^+ xlcm(p, q) ^_ xlcm(p, 

Thus, X can be computed by 



qrrij^ 



X 



min < k € {1, 2, . . . } such that 



xlcm(p, q) xlcm(p, q) 



G Iso(F) 



pm^ qnifj 

or, alternatively, by saying that x is the minimal positive integer for which 3y G {1, 2, . . . } 
such that 



' 1cm (p, q) 

x 

P 

lcm(p, q) 



y 



w[F\ 



w[F] 



Substituting y = 1 above we would obtain 



m 



X 



lcm(p, q)w[F] 

since pm^ = qnif^ = m. Note that x given by this formula is an integer since m/w[F] is a 
common multiple of p and q because w\F] is a common divisor of m<^ and mjj. 

Observe that the path {^>o, . . . , (T^''^™(P''?)^i<I>o} visits the space A^((T*o 93, Oj^) exactly xlcm(p, q)/p 
m(p/w[F] times, and each visit contributes with alternating signs to the «o-th line of . This 
follows from the formula (6.10) for the action a. Thus, in order to prove 



(6.25) 



q-l 



F 

ioj 







it suffices to show that mip/w[F] is even. This follows easily from the fact that the Zm^-action 
on M{(p,f]) given by rotations of asymptotic markers at the positive puncture is orientation 
reversing. Thus (6.22) follows from (6.23) and (6.25). 
This concludes Case 2 and the proof of Lemma 6.4. 
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6.5. Conclusion of the proof of Proposition 6.1. Consider the average operator 
(6.26) A:C,^C, A = ^{I + E + ■ ■ ■ + E"^-^). 

Since E"^ — / = we have a decomposition 

= \bt{E - /) ker a = im^ © ker A. 

By Lemma (6.3) we have a subcomplex (imA, d) C (C=K,(i). Let Q : C^, — )• C^, be defined on 
generators G "Pq by 

Q(p = A (some element in 0(p). 

Then clearly Q is injective and 

Qn* = A. 

Here we used that A{a'^ip) = whenever <^ is a bad orbit, and that is generated by the 
good orbits. It follows that 

ker n=i, = ker A. 
Here injectivity of Q was used. Thus we get that 

H, : (im^,d) ^ (a,d) 

is a linear isomorphism and a chain map. Consequently, the homology of {C^,d) is equal to 
the homology of the subcomplex {\mA,d)^ and Proposition 6.1 follows immediately. 

6.6. Proof of Theorem 1.1. Let 7 = (x,T) be an isolated periodic orbit with multiplicity 
m. Let S C be an embedded hypersurface transverse to 7 at pt = x(0), so that the local 
first return map ^ : ([/, pt) — )• (S, pt) is well-defined on a small neighborhood U of pt in S. 
Following [16], we say that a positive integer j is admissible for 7 if A-' 7^ 1 for all eigenvalues 
A 7^ 1 of dip^{j)i). It follows from Proposition 6.1 and Theorem 1.1 in [ili] that the total rank 
of HC^:{a,'y^) is less or equal than the total rank of HC^:{ip"^ ,pt) for every admissible j. 

Now, suppose that 7 is simple and every iterate of 7 is isolated. In order to prove Theo- 
rem 1.1 it remains only to show that we can write the set of natural numbers as a finite union 
of admissible integers for some iterates of 7. This is the content of the lemma below which is 
extracted from [IS, Lemma 2]. For the reader's convenience, we will reproduce its proof. 

Lemma 6.5. There are positive integers mi, ...,ms and sequences j\ of natural numbers with 
i G N and k = 1, s such that the numbers jlmk are mutually distinct, Uj^fcjj^mfc} = N and 
jl is admissible for 7'"'-' for every i G N and k = 1, s. 

Proof. Assume d'ip{pt) has eigenvalues of the form e*^'^'', r € Q. Write the rational eigenvalues 
in the circle of dip{pt) in the form p/q with p and q relatively prime (to be more precise, 
the corresponding eigenvalue is e*^'^^/'^), and denote by Q the set of denominators of these 
eigenvalues. For 9 ^ A C Q let m{A) denote the least common multiple of all elements in A. 
Choose distinct numbers mi,...,ms such that {rrii, ...,ms} = {m{A); ^ ^ Ac Q}U{1}. For 
each k £ {1, s} consider the set Qk = {q ^ Q] Q does not divide mfc}. We list the elements 
of the set {j £ N; q does not divide jnik, £ Qk} in strictly increasing order j\ < jf, < . . . . 
Let us prove that j\ is admissible for 7"^*= . The eigenvalues in the circle for dtp^'' (pt) are of 
the form A™* ~ mkp/q, for some eigenvalue X ^ p/q for d'0(pt) which lies in the circle. The 
conclusion follows since A™*' 7^ 1 is equivalent to the condition that q does not divide m^, 
and the condition X^l"^^ 7^ 1 is equivalent to the condition that q does not divide j\rnk. So it 
remains only to show that Uj^fclj^m/;} = N but this is easy and left to the reader. □ 



LOCAL CONTACT HOMOLOGY AND APPLICATIONS 



31 



7. Morse inequalities 

Fix a homotopy class of augmentations [e] and let a be a contact form for ^. The action 
spectrum of a is given by S(a) = {^(7); 7 is a periodic orbit of a}, where ^(7) = a is the 
action of 7. 

7.1. Filtered linearized contact homology. In this section we will define filtered lin- 
earized contact homology for any defining contact form for ^. In contrast to the non-filtered 
homology, it depends on the choice of the contact form and the augmentation. But an aug- 
mentation is defined for the differential graded algebra associated to a non- degenerate contact 
form and we have to handle possibly degenerate contact forms. 

In order to overcome this difficulty, we will fix a defining non-degenerate contact form ckq 
for ^, and some Jq G J^{cto) assumed generic enough in order to define a differential graded 
algebra {A{ao),do) whose homology is the (full) contact homology of ^, as explained in [ ]: 
^(ao) is the supercommutative graded (by | • |) algebra (with a unit) generated by the good 
closed ao-Reeb orbits with Q coefficients (ci(^) is assumed to vanish), and do is defined by the 
(algebraic) count of rigid punctured finite-energy spheres with one positive puncture in the 
symplectization (M x N, Jq). We also fix a cobordism {W"^^ ~ M x A^, w, J), with a positive end 

([L, +00) X N , d{e* a) , J) and a negative end ((— 00,— L] x N ,d{e^aQ), Jq), where J G c7(a), 
-L > and oo tames J on [— L] x A'^. We briefly say that is a cobordism from a to 
ao- This choice can be compared to a choice of a "filling" of the contact manifold (in the 
fillable case the filling gives a cobordism to the empty set). Fix an augmentation eo for ao 
with homotopy class [e]. For a shorter notation, we will omit the symplectic form and the 
almost complex structure for the cobordism although they will be tacitly assumed. 

Let be contact forms for ^ and fix a Riemannian metric on N . Given a constant > 
we say that a cobordism W"-! ~ (M x A^, w, J) is (5-small if lo and J satisfy the following two 
conditions. Firstly, there is a constant L > and almost complex structures G J{oi^) such 
that J G Jl{J~, J+) (with J{a^) and Jl(^", -f+) as defined in 2.2.2), uj\[L,oo)>iN = d{e^a+) 
and oj\(^_ao-L]xN = d(e*a~). Secondly, 

'^c°°([-L,L]xAf)(w,(i(e*a+)) + dc=o([_i^L]xAr)(w,d(e*a")) < S 

where dc°°([-L,L]xAf) denote (fixed) metrics for the C°°-topology in the corresponding spaces. 
Notice that given two (5-small cobordisms then their gluing is 2(5-small. 

Given —00 < a < 6 < 00 such that a,b ^ ^(o^) and a constant 5 > 0, let V he a sufficiently 
small neighborhood of a such that a,b ^ ^(o^O for every a' £ V and every pair of contact 
forms in V can be joined by a 5-small cobordism. 

Let a' G y be a non-degenerate contact form and J' G J{a') be regular enough to get a 
well-defined differential graded algebra (^(a'),9') whose homology is the contact homology 
for ^. Let also be a (5-small cobordism from a' to a with an almost complex structure 
in J {J, J'). 

Gluing and we obtain the cobordism W^^^. Let e' be the augmentation for a' 
given by the pullback e' = {^aoT^o = eo o °^ ^0 via the chain map : {A{a'),d') — > 
{A{ao),do) induced by W"'^. The filtered contact homology HC^"'''^^''^' {a') is defined as ex- 
plained in [2], since the differential respects the filtration. More precisely, let C^:{a') be the Q- 
vector space freely generated by the good closed a'-Reeb orbits, graded by | • | = /xcz(') +n — 3, 
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where dim = 2n — 1. If a, 6 ^(o^O then C"(a') is the subspace generated by orbits with 
action < a, and ci'''^\a') = C^{a') /C^{a'). The algebra A{a') can be decomposed according 
to word length A{a') = — Q © -^i © -^2 © • • • • If tti is the projection onto and 5*^ 
is the algebra homomorphism determined by (1) = 1 and (7) = 7 + £'(7), then the 
linearized differential d'^, : C^:{a') — )• C^-i{a') is defined by tti o 5*^ o d'. It satisfies d'^, od[, = 
and 9^,(C,"(a')) C C"* ("')> Va S(q'). Then i/C("'^)'^'(a') is the homology of the complex 

Proposition 7.1. T/ie constant 5 can he chosen such that HC^^'^^'^' {a') does not depend on 
the choices of the 6-small cohordism from a' to a and on the non- degenerate contact form 
a' E V. 

The proof is based on the following proposition. 

Proposition 7.2. Let a' and a he non- degenerate contact forms for ^ and e an augmentation 
for a. Given —00 < a < 6 < 00 such that a,b ^ ^("0 U ^(ct) there exists 6 > such that the 
following holds. Let he a 6-small cohordism from a' to a and denote by ^J? : {A{a'), d') — )• 
{A{oi),d) the induced chain map. Then HCi'^'^^''^{d) and Hc!;"''^^''^ (a') are isomorphic, where 
e' = i^'^Ye. 

Proof. Since the action spectrum is a closed subset, there exists k > such that {a — K, a+K)n 
(S(a') U S(q;)) = and (6 — k, 6 + k) n (5](a') U S(d)) = 0. Given c > and a non-degenerate 
contact form a denote by A'^{a) the subalgebra generated by the periodic orbits of a with 
action less than c. 

Exchanging the roles of a' and a, we obtain a (5-small cohordism W^, from d to a'. Denote 
by : (^(d), d) — ?■ {A{a'), d') the induced chain map. Choose (5 > sufficiently small such 
that the chain map ^fg' sends A°-{a') to ^"+''(d) and A^{a') to A^^'^(a) and sends ^"(d) 
to A^'+^ia') and ^''(d) to A^+'^{a'). 

By our choice of k we have that and $ preserve the subalgebras A"" and A!' and, perhaps 
after making 5 smaller, the same holds for a degree +1 map induced by family of 25-small 
cobordisms (assumed regular) joining the gluing of with W^, and the symplectization 
of a' that defines a chain homotopy between <I) o and the identity. The proof then follows 
from a standard argument. □ 

Proof of Proposition 1.1. Let b = 5/2, with b given by the previous proposition. Let ^ be a 
neighborhood of a as before, that is, such that every pair of contact forms in V can be joined 
by a 5-small cohordism. We can assume that the fixed cohordism W^^^ comes from a family of 
pairs (qj, Jt) such that aj = a for t > 1, at = oq for t < — 1 and at is non-degenerate for every 
t in an open and dense subset of [—1, 1]. Choose a value of t such that at is non-degenerate 
and contained in V . Denote the corresponding contact form by d. Choosing d sufficiently 
close to a, we can write as a gluing of cobordisms and VFqq, with being 5-small. 
The gluing of a 5-small cohordism with gives a 5-small cohordism . 

Now, let ^'^y : (^(d), 9) (^(ao), ^o) be the chain map induced by W^^ and e = (^'^g)*eo. 
By the relation = ^'^ o we have that e' = (^^ )*e. Consequently, by the previous 
proposition. 
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Therefore, we conclude that HCi"''^^'^ (a') does not depend on the choices of the small cobor- 
dism W^' and the non-degenerate perturbation a'. □ 

Thus, define HCi"'^^''" (a) as a non-degenerate contact form a' sufficiently 

close to a and e' given by the construction above with 5 given by Proposition 7.1. It follows 
that it does not depend on the choice of a' , but it depends on the choices of oq, eo and the 
cobordism Notice however that when a = —oo and b = oo then HCi'^'''^'^° (a) ~ HC^''^{£,) 

and consequently it does not depend on these choices at all. When a = — oo we denote 
HCi ^'^^'^°[a) by HC^''''\a) for short. The following proposition is immediate from the 
discussion in Section 4 and is a key ingredient in our applications. 

Proposition 7.3. Suppose that a has finitely many simple periodic orbits. Given a G 5](a) 
there exists 6 > such that 

for every 5 £ (0, 5). 

Proof. First we find o" > and a C°°-neighborhood ^ of a such that 5](a') C (cr, +oo), 
Va' G V. Since [a — 5, a + 5]ri 11(a) = {a} if 5 < cj/2 is small enough, we can assume, possibly 
after making V smaller, that a it 5 ^(o^O for any non-degenerate a' £ V. Let us fix a' non- 
degenerate, and assume J' G J{a') regular enough so that the differential graded algebra 
{A{a'),d') of contact homology is well-defined. Making choices ao and as explained 
before, we glue a very small cobordism W^' to W^^ to obtain a cobordism W^'^ inducing 
a chain map ^' : (^(a'),(9') {A{ao),dQ) and we use ^'*eo to linearize d' and obtain the 
differential of linearized contact homology -ffci" ^''^+^)^'^ "^"(a')- The proposition follows from 
the observation that this linearized differential is defined only by counting spheres with one 
negative puncture, since the presence of an extra negative punctures would drop the action 
by at least a > 25, giving closed Reeb orbits out of the action interval (a — 5, a + 5). In other 
words, the linearization ^'*eo plays no role, the homology HCi"" ^'""^^^'"^ '""{ct') is cylindrical 
in essence. Now an easy compactness argument using the results from the Appendix will 
show that, after taking 6 > smaller, we can assume that the cylinders which define the 
linearized differential must be connecting closed a'-Reeb orbits inside small (isolating) tubular 
neighborhoods of the closed a-Reeb orbits with action a. □ 

7.2. Morse inequalities. Suppose now that a has finitely many simple periodic orbits 
7i, 72, 7r-. In particular, its action spectrum is a discrete subset. Let bf^ = dimHCf\£,) 
denote the Betti numbers and 

r 

Ci = ^ ^ dim i?Ci (a, 7^) 
k=i j 

the Morse type numbers. The main result in this section provides versions of weak and strong 
Morse inequalities for contact homology suitable for our applications. 

Proposition 7.4. Under the assumption that a has finitely many simple periodic orbits, bf^ 
and Ci are finite for every i >2n — 3 and satisfy the inequalities 



(7.1) 



34 



U. HRYNIEWICZ AND L. MACARINI 



and 

(7.2) bf - hf_^ + ... ± bfi.g -C<Ci- Ci_i + ... ± C2„-3, 

/or every i > 2n — 3, where C > is a constant that does not depend on i. 

Remark 7.5. The analogous result holds for i < —3. This condition ensures that only 
periodic orbits with negative mean index can contribute to bf^ and Ci. 

Proof. Let 7 be a periodic orbit that split into non-degenerate orbits ipi,...,il)i under a C°^- 
small, non-degenerate perturbation of a. Then it is well known that 

(7.3) |^cz(V'*)-A(7)| <n-l 

for every i = 1, see [Ki, page 331]. Thus we have that only periodic orbits with positive 
mean index can contribute to and for i > 2n — 3. Since there are finitely many simple 

closed orbits, we conclude that both bf^ and Ci are finite for every i > 2n — 3. 

As in Section 7.1, fix a non-degenerate contact form ao for ^, a regular cobordism W"" 
from a to ao and an augmentation eo for ao with homotopy class [e]. Given a ^ 5](a), let 
6"''° be the rank of HCf''%a) and 

r 

^? = E E dimTO(a,7D 
the relative Morse type numbers. 

Lemma 7.6. Given i > 2n — 3 there exists a ^ S(a) such that 6°'*^° = bf^ and cf = ci for 
every 2n — 3 < I < i. 

Proof. To prove the first assertion, notice that by the long exact sequence 

> HCilf'^'ia) ^ FCr°(a) ^ HCi'\0 ^ ^d"'°°^''"(a) ^ • • • 

it is enough to show that there exists a > such that 

(7.4) HCll'^^''' («) = HCi"'^^''' (a) = 

for every 2n — 3 < I < i. Given a > such that a ^ 5](a) let Oj — )• 00, j G N*^, be an 
increasing sequence of real numbers such that oq = a and Uj ^ S(a) for every j. The inclusions 

CCi'^'"'^\a) ^ CCi^'"'''^^\a) induce applications in the homology that make ffC;^°'"''^''^°(a) a 

direct system. In particular, we have its direct limit limj_s.oo Hcj^"''"'^^''''' (a). It turns out that 
there exists an isomorphism 

(7.5) //C7("'°°)'^«(a) ~ lim i/c/"'"^^''°(a), 

for every I, see [S]. Let a ^ S(a) be a positive real number such that every periodic orbit 
with positive mean index and action greater than a has mean index bigger than i + 3. The 
existence of such a follows from the fact that there are finitely many simple periodic orbits. 
By inequality (7.3), given j > there exists a non-degenerate small perturbation d of a 
with no closed orbits having action in {a,aj) and degree in [2n — 3,i + 1]. Consequently, 

HCi'^'"'^^'^° {a) ~ ^Q,'^ _ Q fQj. every I £ [2n — 3,i + 1], where e' is the augmentation 

for a' obtained from the discussion in Section 7.1. Equation (7.4) then follows from the 
isomorphism (7.5). □ 
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Now, let z > 2n — 3 and a as in the previous lemma. Let m be an integer (that depends 
on a) such that m < 2n — 3 and every periodic orbit with mean index in [m — 2n + 4, m + 2] 
has action bigger than a (the existence of m follows from the assumption that there are 

(a' a") e 

finitely many simple periodic orbits). By (7.3), we have that HCm ' "(ct) = for every 
< a' < a" < a. Then it follows from the long exact sequence for filtered contact homology 
that the function 

Xi{a\ a") := diml^c/°''""^''°(a) - damHC'f:f^''\a) + ... ± dimFC^'''*")'^o(a) 

is subadditive, that is, given < a' < a" < a'" < a then xiW -,0!") ^ Xi{0'\0'") + Xi{o!' -lO!") 
for every I > m. This implies in a standard way the strong Morse inequality 

Ol Oi_l+-"±"m ^ Ci_i -\- ... ± C^. 

Notice here that 6^'*^° and cf are finite for every / G Z. Applying this inequality for I = i and 
/ = i + 1 we arrive at 



Ci 



proving (7.1). Inequality (7.2) does not follow directly from the previous discussion due to 
the fact that m depends on a. To circumvent this problem, the idea is to truncate the action 
filtration from below in a suitable way. The price that we have to pay is to add a correction 
term in the inequalities which in turn does not depend on a. 

Let d ^ 5](a) be such that d < a and every periodic orbit with positive mean index and 
action bigger than d has mean index greater than 2n — 1 (again the existence of d follows from 
the assumption that there are finitely many simple periodic orbits). By (7.3) we conclude 

that HC^'^:^P'^°{a) = for every d < a' < a". We have then that 

Xi{a', a") := dimi?c/"''""^''"(a) - dim HCl":f^''° (a) + ... ± dim/ZC^lf ^''"(a) 

is subadditive, that is, given d < a' < a" < a'" < a then xiW -,0!") ^ X/('^'i'^") + XiW -,0!") 
for every / > 2n — 3. This implies the inequality 

,-. „N J CO iXa.,a),eo . ,{a.,a),eo ^ {d,a) {a,a) , (d,a) 

{I.D) Oi 0; -^ -t- ... IC Ci2„_3 ^ Ci_^ -I- ... IC C2„_3, 

where denotes the rank of HCi"'''^^'^^ (a) and 

>'=^ j;d<A(jl)<a 

Let Aa := max^(^)<a A(7) and take i > Aa + 2n. A inspection in the proof of Lemma 7.6 
(a is such that every periodic orbit with positive mean index and action greater than a has 
mean index bigger than i + 3) shows that every periodic orbit with mean index in (Ag, i + 3) 
has action in (a, a). But if I7I G (A^ + 2n — 4,i + 1) then A(7) E {Aa,i + 3). Hence 

HCi"''"'^''^° (a) ~ HCl'^\a) for every integer / G (A^ + 2n — 4, i + 1). Since A^ does not depend 
on i, we clearly conclude from (7.6) and the previous isomorphism that there exists C > 
that does not depend on i such that 

^' - &fli + ... ± 6il_3 -C<Ci- C^-l + ... ± C2n-3 

for every i > 2n — 3. □ 
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Remark 7.7. One easily conclude from the proof of Proposition 7.4 the Morse inequalities 
for filtered contact homology, that is, 

(7.7) 6^° < 

and 

(7.8) - + - ± b^2:'-3 -c<ct- cu + - ± ^^.3, 

for every a ^ S(a) and a constant C > that does not depend on i, a and eQ. 

8. Proof of the applications 

8.1. Proof of Theorem 1.2. An important ingredient in the proof of our applications is 
the foUowing lemma that gives uniform bounds for the Morse type numbers of periodic orbits 
with mean index different from zero and follows easily from Theorem 1.1. 

Lemma 8.1. Let^ be an isolated periodic orbit of the Reeb flow of a with mean index different 
from zero such that is isolated for every j G N. There exists a constant B > such that 

^ dim TO (a, 7^') < B 
j 

for every i G Z . 

Proof Since 7-' is isolated for every j G N, we conclude from Theorem 1.1 that there exists a 
constant C > such that 

dim TO (a, 7^') < C 

for every i G Z and j £ N. By (7.3) we have that HC.^{a,^^) is supported in the interval 
[jA(7) - 2, jA(7) + 2n - 4], that is, Hdia,-/^) = if i ^ [j^il) - 2,jA{-f) + 2n - 4]. Now 
the result follows easily. □ 

Proof of Theorem 1.2. We will prove the result in the case that there exists a positive sequence 
of integers — )• 00 such that bf^{^) — >• 00 since the negative case is analogous. Suppose that 
there exists a contact form for ^ with finitely many simple closed orbits. By inequality (7.3) 
only periodic orbits with positive mean index can contribute to Cj for i > 2n— 3. By Lemma 8.1 
there exists a constant B > such that Ci < B for every i > 2n — 3. Hence by our assumption 
and inequality (7.1) we obtain a contradiction. □ 

8.2. Invariance of the growth rate. We will reproduce the argument of Seidel in [30, 
Section 4a] that shows the invariance of the growth rate for symplectic cohomology under 
Liouville isomorphisms. However, the argument has to be adapted to our context, where we 
have to deal with augmentations. Let ao and ai be two non-degenerate contact forms for ^ 
and a cobordism from ao to ai. This cobordism induces a chain map ^ : {A{aQ), do) — >• 
{A{ai),di). An augmentation e for {A{ai),di) yields an augmentation ^'*e for {A{ao),do) 
and induces an isomorphism : HC^ "^(oo) ~^ HC''{ai). As in Section 7.1, given a > 
and a contact form a let A"" {a) be the subalgebra generated by the periodic orbits of a with 
action less than a. It turns out that there exists a constant Di > such that ^ sends A^{aQ) 
to A^^"'{ai) for every a > 0. 

Exchanging the roles of uq and ai we obtain a chain homomorphism $ : {A{a\),di) — )• 
(^(ao))C^o) that sends A"'{ai) to ^^^"(ao) for every a > 0, where > is a constant. 
The augmentations $*^*e and e are homotopic, that is, there exists a derivation K such 
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that e = ^*^*eo ^dioK+Kod^ ^ check that there exists Da > such that the chain 

homomorphism ^dioK+Kodi gg^^jg j\"-(^cii) to A^^"'{ai) for every a > 0. 

Now, let D = maxjDj. It turns out that the induced maps in the homology fit into the 
ladder-shaped commutative diagram 



HC^ (ai) 



FCf"'^(ai) 



HC, 



HC, 



(ai) 



where the maps in the vertical arrows are those induced by the inclusion. 

Now, suppose that HCf ^(ao) — HCl{ai) is infinite-dimensional, since, otherwise, we 
would have r**'^(ao) = r'^(ai) = 0. Then, 



r**^(ao)-^ 



. n logo r ■ f log Da 

hmmf = limmf 

a-s>oo log r(^'*e, ao, a) a-!>oo logr(^'*e, ao, «) 



> liminf 



log Da 



a-s>oo logr(e,ai,a) 



r^(ai) 



-1 



where r(e, a, a) is the rank of L{HC^'^{a)). Inverting the roles of oq and ai we conclude that 
the set {r'^(a); e is an augmentation for a} is an invariant of the contact structure. 

8.3. Proof of Theorem 1.4. Suppose that there is a contact form a for ^ with finitely 
many simple periodic orbits 71,. ..,7^. As in Section 7.4 fix a non-degenerate contact form 
ao for ^, an augmentation eo for oq and a cobordism joining oq and a. Choose eg such that 
r^°(ao) > 1. Then, arguing as in Section 8.2, we conclude that 



limsup, logdimt(i?C"'""(Q)) > 1. 

a^oo log a 



By Proposition 7.4 and Remark 7.7, 



dimFC 



a. 



a,ri 



4 = 1 



j;A('ri)<a 



for every a ^ S(a). By Theorem 1.1 there are constants Bi such that 
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for every 1 < i < r and j € N. Consequently, 

dimffc;"' "(a) < — ^^77 — ra, 

mini<j<r A(7i) 

contradicting (8.2). □ 
8.4. Resonance relations. 

Proof of Theorem 1.5. We will prove the result for the positive mean Euler characteristic since 
the negative case is analogous. Let a be a contact form with finitely many simple periodic 
orbits and denote by 71,72, •••,7r those with positive mean index. We claim that 

r ^ m 

x5(0 = E 1™ -E E (-irdimTC(a,7i). 

k=l j i=2n—3 

Indeed, let Bm and Cm be the left and right sides of inequality (7.2) respectively for i = m. 
Using (7.2) for m + 1 and m and Lemma 8.1 we conclude that there exist constants B and C 
such that 

\Bm-Cm\ <C + Cm+l-b^^^,<C + B 

for every m > 2n — 3. Consequently, 



n (—^)"^ (—^) 

xi\0= lim ^-^Bm= lim ^^C, 

m— >oo 777, m— >oo ui 



m 

m 

-s>oo m 

r ^ m 



Ei- E (-irdimTO(a,7D 



m— >oo 771 
fc=l j j=2n— 3 

as claimed. Now, notice that for any periodic orbit 7 with positive mean index we have 
Ex+(«,7^) - + 1 i? < E^+("'^') - E ^dimTO(a,7^) 

j=l ^ ^"^^ ^ j=l j=m+l i 

[mA(7)+2n-4j 

<Y1 E (-l)MimTC(a,7^) 
j i=0 

m Lm+2(n-l)/A{7)J+l 

< J]x+(a,7')+ E 5^dimTO(a,7^) 

j=l j=m+l i 



for every m G N, where [xj = max{m G Z;m < x}. The first and fourth inequalities follow 
from Lemma 8.1. The second and third inequalities hold because if j > m+2(n— 1)/A(7) then 
J A(7) — 2 > mA(7) + 2n — 4 and by (7.3) the local contact homology satisfies HCi{a, 7-') = 
if i ^ bA(7) - 2, jA(7) + 2n - 4] for every j. 
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By the previous inequalities we arrive at 



r ^ m 

^ — ' m^oo ui ^ — ' ^ — ' 
fc=l J i=2n— 3 

r ^ m 

= E Jl- -EE(-irdimTO(a,,D 



' m— ^oo 777, 
A:=l j i=0 



E LmA(7,) + 277 - 4J E 

E^l^ [mA(7fc) + 277 - 4J V7nE^+("'^fc)J 

A; — 1 J — 1 



X+(«,7fc) 



E 



□ 



Proof of Corollary 1.6. When 7-' is non-degenerate for every j it is easy to see that 

(_1)|7| if ig good 

(-1)ItI/2 if 7 is bad 

□ 



X±{l) 



8.5. Non-hyperbolic periodic orbits. The proofs of Theorems 1.7 and 1.8 follow from the 
two theorems below. 

Theorem 8.2. Suppose that there are finitely many simple closed orbits, all of them hyper- 
bolic. If dim HCn~ 3 < cxD then there is no closed orbit with Conley-Zehnder index equal to 
zero. 

Proof. Arguing indirectly, let 7 be a closed orbit of index zero. It is well known that the 
index of a hyperbolic periodic orbit "0 satisfies 

(8.3) /Ucz(V''') = k^xcz{^) 

for every A; G N. In particular, we conclude that ^cz{l^) = kficzil) = for every /c G N. 
By equality (8.3) and our assumption that there are finitely many simple closed orbits, we 
also conclude that there are finitely many periodic orbits of index —1 and 1. Hence, since the 
differential decreases the action, we have that a chain generated by orbits of index zero and 
action big enough cannot be exact. In particular, there exists ko > such that every chain 
Yli O'il^^ cannot be exact as long as ki > k^ for every i. 

Let ipi, . . . ,ip]y be the periodic orbits of index —1. The set of chains of degree n — 4 can 
be naturally identified with Q'^: 

N 

aiil^i < — > (ai, . . . , cat) G Q^. 

i=l 
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Therefore, given /c G N we can identify d^^ with a vector '■= {a\, . . . ,a%) determined by 
the relation d^^ = J^iLi'^i'^i- Consequently, given ko < ki < ■ ■ ■ < k^j^i we have that 
Ufci, . ■ • , I'fciv+i must be linearly dependent, that is, there exist rational numbers pi, . . . ■:Pn+i 
such that 

PiVki H ^PN+iVkN+i = 0- 

Thus the chain pi'y^^ + • • • + Pn+iI^'^^^ is closed and not exact. Since one can take fco 
arbitrarily large, we conclude that (iiTa.HC^^_.r^{S,) = oo. □ 

Proof of Theorem 1.8. Arguing indirectly, suppose that every periodic orbit is hyperbolic. 
Since every periodic orbit is hyperbolic and therefore non-degenerate, the hypothesis that 
6imHC^^_.^{^) > implies that there exists a closed orbit 7 of index zero. This contradicts 
Theorem 8.2. □ 

Theorem 8.3. Suppose that there is no periodic orbit with Conley-Zehnder index equal to 
zero and that there exists a positive integer C such that 

mC+n—?> 



{-IT (-i)^f (0<(-i)""^cx5(e) 



j=n— 3 

for every m G N. Suppose that there are finitely many simple periodic orbits with positive 
mean index. Then there is a non-hyperbolic closed orbit. 

Proof. Arguing indirectly, suppose that every closed orbit is hyperbolic. In particular, every 
periodic orbit is non-degenerate. Firstly, let us show that there is at least one periodic orbit 
with positive mean index. Indeed, if there is no such orbit we would have that x+ (C) = 
and, by the equality (8.3), })f^ = for every i > n — 2>. Moreover, the hypothesis that there 
is no periodic orbit of index zero implies that bj^Ls = 0. This contradicts the hypothesis that 

So let 7i, ...,7r. be the simple periodic orbits with positive mean index. By (8.3) we have 
that A(7fc) = fj-czilk) is an integer for every 1 < k < r. Let C = lcm{C, 2]^^^-^ A(7fc)} and 
Cii'jk) = 7fc)- relation (8.3) we conclude that 

r>iA(7fc)+?i-3 

^ i-iyciijk) = efe(-l)^(^'^-)+"-3m 

i=n—3 

for every 1 < A; < r and m G N, where = 1 if 7^ is good and = 1/2 if 7I is bad. From 
this, we arrive at 

mC'+n-3 (_'\\Hlk)+n-3 

{-iyc,{^k) = ekmC' ^ > , 

i=n-3 ^'^^ 

since mC = {mC / A{^))A{'-/) and mC"/A(7) G N. Hence, by Corollary 1.6, 

r mC' +n—3 
k=l i=n—3 

Now, we need the following special version of the strong Morse inequality. 
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Lemma 8.4. Suppose that there is no periodic orbit of index zero and every periodic orbit is 
non-degenerate. Then 

- ^Ei + - ± ^Lg < C, - Q_i + ... ± C„_3 

for every i > n — 3. 

Proof Fix an augmentation eo for a with homotopy class [e]. Since every periodic is non- 
degenerate and there is no periodic orbit of index zero we have that HCi^lf'" (a) = for 

every — oo < a < b < oo. In particular, b^^_^ = Cn-z = 0. Moreover, by the long exact 
sequence for filtered contact homology, the function 

Xi(a, b) = dim HCl'''''^'"\a) - dim HCtf^''" (a) + ... ± dim HCi^lf'^a) 
is subadditive for every I > n — 2. This implies the inequality 

bf^ - + ... ± ft^La = ^' - 6&1 + - T 6LI2 <Ci- Q-l + ... T Cn-2 = Ci- Q_i + ... ± C„_3 

for every i > n — 3, as desired. □ 
By the previous lemma, we have that 

r mC'+n— 3 mC"+n—3 
fc=l i=n—3 i=n—3 

where the term (—1)'^"^ comes from the fact that the term with exponent mC + n — 3 must 
have positive sign (notice that C is even). Consequently, 

r mC' +n—3 

fc=l i=n—3 
mC'+n-3 

i=n—3 

>(-ir-Wx5(o, 

contradiction. □ 

Proof of Theorem 1.7. The result for the positive Euler characteristic is immediate by Theo- 
rems 8.2 and 8.3. The argument for the negative Euler characteristic is analogous. □ 

Appendix A. Finite-energy curves and periodic orbits 

Here we revisit basic facts about pseudo-holomorphic maps proved in [ ] for the contact 
case. Consider a stable Hamiltonian structure T-L = (,^, X, uj) defined on a manifold N and a 
compact smooth submanifold with boundary K C N with dimi^ = dimA^. We fix L > 0, 
J G J{n), and consider Ti^ = A±,a;^) ^ ?^ in C^^, J± G and J„ G JdJn^Jn ) 

such that ., J~ , Jn ^ J m C{^^, as n — )■ cxd. It is not hard to construct symplectic forms 
VLn on [—L, L\x K compatible with J which agree with constant positive multiples of oj^ on 
T{zizL X K) and which converge, as n — )• 00, to a fixed symplectic form compatible with J 
on [—L, L] X K. Below we use 0„ to define the energy of J„-holomorphic maps. The energy 
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of a J-holomorphic map F '.Mx S^Mx K can be estimated from above and below by the 
modified energy 

sup / F*{d(j)AX) 

<peA Jf-'^{{r\[-l,l])xK) 

+ [ F*uj+ [ F*n. 

Jf-'^{{m.\[-l,l])xK) J F-^{[-L,L]xK) 

Consider the M-invariant Riemannian metric qq = da® da + \ ® \ + oj onM.x N . Domains 
in C or M X S"^ are equipped with their standard Euchdean metric. Norms of maps are taken 
with respect to these metrics. 

The point of the following lemmas is that X may be very degenerate, so the results from [ ] 
are not available if one wants to analyze sequences of J„-holomorphic maps with bounded 
energy. In any case, we note that the following arguments are contained in [19]. 

Lemma A.l. Let Fn = {dn, fn) '■ (C,i) -^M.x K be smooth Jn-holomorphic maps satisfying 
E{Fn) < C,\/n. Suppose 3{z„} C C such that \dFn{zn)\ — oo. Then one finds sequences 
{Zj} C C, {6j},{Rj},{dj} C M, and a subsequence Fn^ such that \zn^ — z'-\ — )■ 0, — )■ 0"*", 
Rj — )• +00, bjRj — )• +00 and maps 

Uj : Bs^R^ (0) ^ M X N, u^{z) = t^^ o (zj + ziRj) 

converge in to a J-holomorphic map tt : C — >■ M x satifying < E(u) < C and 
sup^ec \du{z)\ < oo. 

Proof. By Hofer's Lemma (Lemma 5.12 from [ >]), there exists z'^ G C, 5rt — )• 0"*" such that 
{z'n — Zn\ ^ and if we set i?„ = \dFn{z'^)\ then Rn — >• oo, — ^ oo and < 2Rn on 

Bs„izn)- We denote d„ = -an(z^) and define Un = Td„ o F„(z^ + z/Rn) on^Bs,^R,SO) C C. 
Thus ■Un(O) G X and \dun\ < 2 on Bs„r^{0), for all n. Clearly Un is (r^^^ J„)-holomorphic 
and T'^^^Jn —5- J in C^^. Elliptic estimates provide Cj'^^-bounds for the sequence {u„,} so, up 
to selection of a subsequence, we may assume — )■ n in C^^, where u is J-holomorphic. Then 
|(i'u(0)| = 1 and |(in(z)| < 2 Vz since the same holds for Un- One easily checks E{u) < C. □ 

Remark A. 2. The proof of Lemma A.l shows that one can replace the domain (C,i) of the 
maps Fn by (D, i) and assume Zn — )• 0, or by ([0, +oo) x M/Z,i) and assume Zn = {sn,tn) 
satisfies s„ — )• +oo. The conclusion is exactly the same in both cases. 

Lemma A. 3. Let F = {a, f) : C ^ M x K be a non-constant J-holomorphic map satisfying 
J^f*oj = 0. Then there exists a (not necessarily periodic) trajectory x of X and an entire 
function H : C ^ C such that F = o H where the J-holomorphic immersion : C — )• 
Rx N is defined by Z^{s + it) = {s,x{t)). If, in addition, \dF\ is bounded then H{z) = az + j3 
with a 7^ 0. 

Proof. The identity dj{F) = tells us f*uj = =^ f*uj = 0, df takes values on RX o / and 
da{z) = df{z) = 44> dF{z) = 0. Fix zi, S C and any smooth curve z{t) : (— e, 1 + e) — )• 
C satisfying z{0) = zq and z{l) = z\. Let x : M — )• be the trajectory of X satisfying 
x(0) = f{zo). There is a unique function g{t) defined by df{z{t)) ■ z'{t) = g(t)X o f o z{t) 
since df takes values on M.X o /. Then Y{t,p) = g{t)X[p) defines a time-dependent vector 
field on (— e, 1 + e) x A^. Consider h{t) := Jg g{T)dT. Then f o z and x o h solve /?' = Y{t, f3) 
with the same initial condition, and hence are equal. Since zi was arbitrary it follows that 
F(C) C Z^(C). 
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Assume x is not periodic. Then there exists a unique function H : C ^ C satisfying 
F = o H because is 1-1. Since Z^ a J-holomorphic immersion we conclude, using the 
similarity principle, that H is holomorphic, see Lemma 2.4.3 from [2()]. When x is periodic, 
the map descends to a map Z^ defined on M x M/TZ, where T > is the minimal period 
of X. As before there exists a unique holomorphic function ^ : C — t- M x M/TZ satisfying 
F = Z^ o I£ since Z^ is 1-1. Clearly can be lifted to a holomorphic map : C — )■ C 
satisfying F = Z^ o H. 

li w ^ C and C G then there is an estimate |C| < k\dZ^{w) ■ (\, the constant k being 
independent of if, C- This follows very easily from the particular form of the function Z^ and 
the nature of the metric qq. Thus \dH\ is bounded if so is \dF\, and the conclusion follows 
from Liouville's Theorem. □ 

Lemma A. 4. If F :£ ^RxK satisfies dj{F) = 0, sup^g^ \ dF{z)\ < oo and < E{F) < oo 
then E^{F) > 0. 

Proof. If E^{F) = then, by Lemma A. 3, there exists a trajectory x such that F[z) = 
Z^(az + (3) for some a ^ 0. This implies E{F) = oo. □ 

The next lemma is an important characterization of non-constant finite-energy cylinders 
in cylindrical cobordisms. 

Lemma A. 5. Let F = {a, f) : M x M/Z M x N be a non-constant finite-energy J- 
holomorphic map satisfying Ei^{F) = 0. Then there exists 7 = {x,T) E V{'H), constants 
ao, 60 £ CLud a sign e = ±1 such that F(s, t) = (eTs -|- oq, x{eTt -\- bo)). 

Proof. We can think of F{s -i- it) defined on C and 1-periodic in t. We claim that \dF\ is 
bounded. If not, let z„ satisfy \dF{z 

n)\ ^ c)o and consider F^ (z) := T-cn o F{z + Zn) with 
Cn = a{zn)- By Lemma A.l applied to Fn and Lemma A. 4 we can assume, up to the choice 
of a subsequence, that there exists r„ — )• 0"'" and G C satisfying — z^j —5-0 and 



liminf / > 

J Br AO 

contradicting our hypotheses. By Lemma A. 3 we find a trajectory x, e = ±1 and constants 

T > 0, a = eT -\- ib, (3 = ao + ibo such that F{s + it) = Z'^iaz + /3) = (eTs - 6t + oq, 

eTt + bo))- Since F is 1-periodic on t we have 6 = and x is T-periodic. □ 

We wish to show that, as in the contact case [19], for finite-energy curves with image 
in K it is possible to distinguish between positive/negative punctures, and non-removable 
punctures give periodic orbits for X. In order to do so, we assume that has a primitive a 
on a neighborhood of K such that inf^ ixo^ > 0. Note that a is a contact form near K. In 
the language of [20] this means that X is Reeb-like near K since it is a positive multiple of 
the Reeb vector field of a. 

Following [19], if F = (a,/) : [0, -|-oo) x M/Z — )■ M x ii' is a finite energy J-holomorphic 
map then the limit 

m := lim / f*a 



s— >oo 



/ 



exists since E^(F) < 00. Under these assumptions the following important result, due to 
Hofer [19] in the contact case, holds. 
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Lemma A. 6. Assume m ^ and let e = ±1 be its sign. Then a{s,t) — )• eoo as s ^ oo, 

and Vs„, — s- oo there exist Uj — t- c«, a periodic orbit 7 = {x,T) G V{T-L) and c G M such that 
fisrij , t) —7- x{eTt + c) in C°° as j — 00. 

We give a proof here since the statement above can not be found in the hterature. Note 
the difference with the results from [ i]: X is not the Reeb vector of a near K, and ^ is not 
a contact structure (it might even be integrable). 

Proof. First we show \dF\ is bounded. If not let {pn,tn) satisfy \dF{pn,tn)\ — >• 00 and \pn\ — )• 
00. Define F„(s,t) := F{s + Pn,t) and write Fn = {an,fn)- It follows from E{F) < 00 that 

f*u} — )• for every compact C C M x M/Z. A combined application of lemmas A.l and A. 4 
shows that \dFn\ is bounded over compact sets, contradicting |dF„(0,i„)| — 00. 

Suppose m > 0. Define F„(s,t) := Tc„ o F{s + with c„ = — a(s„,0). Thus, by the 

above, F„ is C^^^-bounded and elliptic estimates tell us it is Cj'^^-bounded. We find uj — 00 
and a smooth J-holomorphic map u:MxM/7j^MxN such that F„ . — )• li in as j — t- 00. 
Clearly E{u) < E(F), Ei^{u) = and image(tt) C M x iiT. Moreover u is non-constant since 
/oxM/z^**^ = m > 0. By Lemma A. 5 we have u{s,t) = [Ts + ao,x{Tt + bo)), for some 
(x, r) G V{%) contained in K. Here we used the fact that inf^- ixc^ > to conclude that 
sign in Lemma A. 5 is +1. Clearly m = T. 

It remains only to show that a(s,t) — )• +00 as s — )• 00. Consider the mean a(s) := 

a{s, t)dt and 



We claim liminfs_>oo > a. If not let s„ — )• 00 satisfy sup„a'(s„) < a — e. Arguing as 
above we can assume, up to the choice of a subsequence, that — )• x{Tt + c) in C°°, 
for some 7 = (x, T) G V{H) contained in K, and c G M. Let A be the 1-form defined by (2.1). 
Then 



This contradiction proves our claim. Thus a{s) — )• +00 as s — )• +00. We conclude the case 
m > since |a(s,t) — a{s)\ is uniformly bounded by sup \at\ < 00. The case m < is treated 



The following statement, left with no proof, follows easily from the assumption that uj has 
a primitive on K. 

Lemma A. 7. If S is a closed Riemann surface, M C S is finite, and F = (a, /) : 5 \ M — )• 
R X K is a non-constant finite-energy J-holomorphic then M ili and at least one point of 
M is a non-removable positive puncture. 
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